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A RIEMANN-ROCH THEOREM IN TROPICAL GEOMETRY

ANDREAS GATHMANN AND MICHAEL KERBER

ABSTRACT. Recently, Baker and Norine have proven a Riemann-Rochreéhedor fi-
nite graphs. We extend their results to metric graphs ansl éstablish a Riemann-Roch
theorem for divisors on (abstract) tropical curves.

Tropical algebraic geometry is a recent branch of mathasdlhiat establishes deep re-
lations between algebro-geometric and purely combiratobjects. Ideally, every con-
struction and theorem of algebraic geometry should havepactl (i.e. combinatorial)
counterpart that is then hopefully easier to understand g—tke tropical counterpart of
n-dimensional varieties are certairdimensional polyhedral complexes. In this paper we
will establish a tropical counterpart of the well-known Ri@nn-Roch theorem for divisors
on curves.

Let us briefly describe the idea of our result. Following Kkigkin, an (abstract) tropical
curve is simply a connected metric graph A rational function onl” is a continuous,
piecewise linear real-valued functidnwith integer slopes. For such a function and any
pointP €T the order ord f of f in P is the sum of the slopes dffor all edges emanating
from P. For example, the following picture shows a rational fumieti on a tropical curve

I" with simple zeroes & andPs (i.e. ordch, f = ords, f = 1), and simple poles & and

P4 (i.e. orth, f = ordp, f = —1).

e m - ——

P3 Pz

As expected from classical geometry, a divisoromill simply be a formalZ-linear
combination of points of . Any rational functionf onT gives rise to a divisoff) :=
Sperords f - P (so that(f) = Po — Ps— P4+ Ps in the above example).

For a given divisoD we denote byR(D) the space of all rational functiorfsonT” such that

(f)+ D is effective, i.e. contains only non-negative coefficidety. f € R(Ps+ P) in the

example above). A Riemann-Roch theorem should make a stateahout the dimension

of these spaces. However, we will see that in gerief@)) is a polyhedral complex which

is not of pure dimension. As a replacement for the dimensfoR(®) we definer(D)

to be the biggest integersuch thatR(D — P, — --- — P,) is non-empty for all choices of
1
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Pi,...,P, el (anumberthat is closely related to the dimension of thes@dIR(D) as we
will see).

With these notations our Riemann-Roch theorem now simpdyesipectedly states that
r(D)—r(K—D)=degD+1—g,

whereg is the first Betti number of, degD is the degree oD, andK is the canonical
divisor of I following Zhang|[[Z], i.e. the sum of all vertices bfcounted with multiplicity
equal to their respective valence minus 2 (so Kat P, + P, in our example above).

Our proof relies heavily on a recent result of Baker and Netimat establishes an anal-
ogous result for integer-valued functions on the verticea ¢non-metric) graph [BN].
Basically, we will interpret this result as a statement altoapical curves whose edge
lengths are integers (so-call@graphs) and rational functions on them whose divisors
consist of points with integer coordinates (so-calfedivisors). We then pass from inte-
ger to rational and finally real coordinates, as well as tasjidg infinite edge lengths, to
establish our Riemann-Roch theorem for tropical curves.

More precisely, we will first introduce our basic objects @idy, namely divisors and
rational functions (and their moduli spaces) on tropicales in sectiofi]1. We then use
the result of Baker and Norine to prove a Riemann-Roch thedoe Z- andQ-divisors in
sectior 2 and extend this result in secfidn 3 to arbitrarisdis and graphs (with possibly
unbounded edges), with the main result being corollary 3.8.

Shortly after this manuscript had appeared on the e-prafiie, Mikhalkin and Zharkov

published a preprint that also includes a proof of the Riemwi@och theorem for tropical

curves[[MZ]. Their results have been obtained indepengemil without our knowledge,

and in fact their method of proof is entirely different fromrs, using Jacobians of tropical
curves.

1. TROPICAL RATIONAL FUNCTIONS AND DIVISORS

We start by introducing the basic notations used in this papgarticular the notions of
(abstract) tropical curves as well as rational functiorgs @imisors on them.

Definition 1.1 (Graphs) A graphl” will always mean a finite and connected multigraph,
not necessarily loop-free (i.e. there may be edges thatemranvertex to itself). The sets
of vertices and edges bfare denote¥ (") andE(I"), respectively. The valence of a vertex
P e V(') will be denoted valP).

(a) A metric graphis a pair(T",|) consisting of a graph together with a length func-
tionl : E(I") — R-o. We identify an edge with the real interval0,1(e)], leading
to a “geometric representation” of the graph by gluing theservals together at
their boundary points according to the combinatoric§ oBy abuse of notation
we will usually denote this geometric representation aisb.dn this metric space
the distance between points as well as the distance frorma fock subset will be
written as dist - , - ). The first Betti number of will be called thegenusof I".

(b) If all edge lengths of a metric graphare integers (resp. rational numbers) we call
I aZ-graph(resp.Q-graph. In this case the points of (the geometric representa-
tion of) " with integer (resp. rational) distance to the vertices alked Z-points
(resp.Q-pointg of I'. We denote the set of these pointsiyyandr g, respectively.
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(c) A tropical curvas a “metric graph with possibly unbounded ends”, i.e. a (faif)
as i (@) where the length function takes valueR i U{~}, and where each edge
of length is identified with the real intervgD,c] = R>qU {0} in such a way
that theco end of the edge has valence 1. These infinity points of willdied the
(unbounded) enasf T.

Remark 1.2, Note that (in contrast to some other conventions on abdii@gical curves
found in the literature) our definition allows vertices oferace 1 and 2, and adds “points
at infinity” at each unbounded edge. Note also that everyiogtaph is a tropical curve.

Definition 1.3 (Divisors). A divisoron a tropical curvé is an element of the free abelian
group generated by the points of (the geometric representaf) . The group of all
divisors onl” is denoted DiYI"). The degreedegD of a divisorD = 5, aP, (with & € Z
andP, € I') is defined to be the integél; & and obviously gives rise to a morphism deg :
Div(l") — Z. ThesupportsuppD of D is defined to be the set of all points bfoccurring
in D with a non-zero coefficient. A divisor is callegffectiveif all its coefficientsa; are
non-negative. On @-graph (respQ-graph) a divisob will be called aZ-divisor (resp.Q-
divisor) if suppD C Iz (resp. supP C Ig). Following Zhang([Z] we define the canonical
divisor of " to be
Kr = Z (val(P)—2)-P;
PEVII)

on aZ-graph (respQ-graph) it is obviously &-divisor (respQ-divisor).

Definition 1.4 (Rational functions) A rational functionon a tropical curvé is a continu-
ous functionf : ' — RU {40} such that the restriction dfto any edge of is a piecewise
linear integral affine function with a finite number of piecéds particular,f can take on
the valuesto only at the unbounded ends of

For a rational functiorf as above and a poift € I' the orderorde f € Z of f at P will
be the sum of the outgoing slopes of all segments emanating fronP (of which there
are va(P) if P V(I') and 2 otherwise). In particular, i is an unbounded end &flying
on an unbounded ed@eghen the order of atP equals the negative of the slopefoat a
point one sufficiently close td°.

Note that org f = O for all pointsP € M'\V(I") at whichf is locally linear and thus for all
but finitely many points. We can therefore define thésor associated td

(f):= Pzrordpf -PeDiv(IN)

as in classical geometry.

Remark 1.5. If f is arational function on a tropical curethen the degree of its associated
divisor (f) is dedf) = Sperorde f. By definition of the order this expression can be
written as a sum over all segmentsfofon which f is linear, where each such segment
counts with the sum of the outgoing slopesfadn it at the two end points of the segment.
But as these two slopes are obviously just opposite numbeesaoch such edge we can
conclude that dgd) = 0 — again analogous to the case of compact curves in classical
geometry.

Definition 1.6 (Spaces of functions associated to a divis@®t D be a divisor of degree
on a tropical curvé .
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(a) We denote byR(D) the set of all rational function$ on " such that the divisor
(f)+ D is effective. Note that for any suche R(D) the divisor(f)+ D is a sum
of exactly deg(f)+ D) = degD = n points by remarkT]5. So if we define

S(D) :={(f,P,...,P,); f arational function orf,
Pi,...,Pnelsuchtha(f)+D=Py+---+ Py}

then we obviously havR(D) = S(D)/S,, where the symmetric group, acts on
S(D) by permutation of the pointg.

(b) If T is aZ-graph and aZ-divisor we define a “discrete version”[of[a) as follows:
letR(D) be the set of all rational functiorfsonT such tha{ f) + D is an effective
Z-divisor, and set

8(D) :={(f,Py,...,Py); f arational function offr,
Pi,...,Phelzsuchtha(f)+ D =P +---+ Py},
so that agaiR(D) = §D)/S.

If we want to specify the curve in the notation of these spaces we will also write them as
Rr(D), 5 (D), Rr(D), andS- (D), respectively.

Remark 1.7. The spacefk(D), (D), R(D), S(D) of definition[I.6 have the following
obvious properties:

(a) all of them are empty if ddg < O;
(b) R(D—P) c R(D) andR(D —P) c R(D) forall P& T;
(c) R(D) c R(D) and$(D) ¢ S(D) if D is aZ-divisor on aZ-graphr .

We want to see now th&(D) andS(D) are polyhedral complexem the sense of [GM],
i.e. spaces that can be obtained by gluing finitely many padya along their boundaries,
where a polyhedron is defined to be a subset of a real vectoe gpzen by finitely many
linear equalities and strict inequalities. To do this wetfireed a lemma that limits the
combinatorial possibilities for the elementsR({D) andS(D). For simplicity we will only
consider the case of metric graphs here (but it is in fact gasge with the same arguments
that lemmaB_T18 arild 1.9 hold as well for tropical curvesjn.éhe presence of unbounded
ends).

Lemma 1.8. Let p > O bean integer, and let f be a rational function on a metric graph I’
that has at most p poles (counted with multiplicities). Then the absolute value of the slope
of f at any point of I (which is not a vertex and where f is differentiable) is bounded by a
number that depends only on p and the non-metric graph I (i.e. the combinatorics of I').

Proof. To simplify the notation of this proof we will consider allmes and poles of to
be vertices of” (by making them into 2-valent vertices in case they happdietm the
interior of an edge).

Letebe any edge of on whichf is not constant. Construct a pathlongl” starting with
ein the direction in whichf is increasing, and then successively following the edgés of
at each vertex continuing along an edge on which the outggdope off is maximal.

By our convention on 2-valent vertices above the funcfiamaffine linear on each edge of
I". Let us now study how the slope 6fchanges alongwhen we pass a vertdxe . By
definition we have\; + --- + Ay = ordb f, whereAq, ..., Ay are the outgoing slopes défon
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the edge®y, ..., e, adjacent td. Now letN be the maximal valence of a vertex occurring
in ', and assume that our patlapproacheP along the edge; on whichf has incoming
slope—A; greater or equal toN + p)® for somea > 1. It then follows that

Ao+ -+ An=—A1+orce f
>(N+p)®—p
=N(N+p)* 4 p((N+p)**-1)
>N(N+p)*

which means that the biggest of the numbess.., Ay, i.e. the outgoing slope dfalongy
when leavingP, is at leastN + p)®~* (recall thatn < N and thaf\; can never be the biggest
of theAy,...,An since it is negative by assumption whereas at least one ohthe , A, is
positive).

So if we assume that the slopefoil at leastN + p)“ on the edgethis means by induction
that the slope of onyis at leastN + p)®~' after crossing vertices, i.e. in particular that

f is strictly increasing on the first + 1 edges ofy. But this is only possible itx is less
than the number of edges bf otherwise at least one edge must occur twice among the
firsta 4+ 1 edges ofy, in contradiction tof being strictly increasing onin this range. As

the initial edgee was arbitrary this means that the slopefodn any edge is bounded by
(N+ p)®, with a being the number of edges bf O

Lemma 1.9. For any divisor D on a metric graph I the spaces R(D) and S(D) are poly-
hedral complexes.

Proof. We will start withS(D). For each edgeof I' we choose an adjacent vertex that we
will call the starting point ofe. To each elemen(tf,Py,...,P,) of S(D) we associate the
following discrete data:

(a) the information on which edge or vertBxlies foralli=1,....n;

(b) the (integer) slope of on each edge at its starting point;
and the following continuous data:

(c) the distance of eadh that lies on an edge from the starting point of this edge;

(d) the value off at a chosen vertex.

These data obviously determirieuniquely: on each edge we know the starting slope of
f as well as the position and orders of all zeroes and pole§,cem be reconstructed on
each edge if its starting value on the edge is givenI'As connected by assumption we
can thus reconstruct the whole function from the startirigej&d].

Since there are only finitely many choices (@) and (b) (esemal LB fof (B)), we
get a stratification o§(D) with finitely many strata. The dafa[c) apd](d) are given by
finitely many real variables in each stratum, so each strasuasubset of a real vector
space. Finally, the condition on the given data to be corbfgais given by several linear
equalities and inequalities (the distance (c) must beipesind less than the length of the
corresponding edges, and the valued @it the boundary points of the edges must be so
that we get a well-defined continuous functionlon so thatS(D) is indeed a polyhedral
complex.
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The spacd’(D) is then simply the quotient &(D) by the affine linear action of the per-
mutation group of th@, ..., P,, and hence is a polyhedral complex as well. O

Remark 1.10. For the spaceB(D) andS(D) the same argument as in the proof of lemma
139 holds, with the only exception that the dgig (c) beconissrete since the points in
(f) are required to b&-points. Hence the only continuous parameter left is thetadd
constanf (d), i.e. botR(D) andS(D) are finite unions of real lines. We can thus regard
R(D) andS(D) as “discrete versions” of the spade@®) andS(D).

The following example shows that the polyhedral compld@s) andS(D) are in general
not pure-dimensional, i.e. there may exist inclusion-mmaticells of different dimensions:

Example 1.11 Consider the canonical divis#- = P+ Q of the metric grapii obtained
by connecting two cycle§; andC; of length 1 by an edge of lengthl(e) € Z~o (see the
picture below). Furthermore, létbe a rational function oh such tha{ f) +Kr =Py + P».

Assume first that botl®; andP; lie in the interior of the edge. Note that for all such
choices of the pointB there exists (up to an additive constant) exactly one ratifumction
with zeros atP; andP, and poles at the prescribed poiftsand Q. It follows that the
corresponding cell ir5(Kr) can be identified witH0,1(e)] x [0,I(e)] x R, where the first
two factors represent the position of the poiRtsandP,, and the last factor parametrizes
the additive constant. Hence the dimension of this cef(ir) is 3.

PL P

Next, assume thdtf,P;,P;) € S(Kr) such thatP; is not on the closure of but rather in
the interior of a cycle&S;. We will see in lemm&2]2 th&, must then lie on the same cycle.
Moreover, it is easy to check that this requiRo be the point oi€; “opposite” toP; as

in the following picture:

/,—-—""—,'../// '

\\\__I','/

-
Py

Hence for each choice & on one of the cycles there exists exactly one pBjrguch that
(f,P1,P;) € S(Kr). It follows that this cell ofS(Kr) can be identified witlC; x R, where
the second factor parametrizes the additive constant agaboparticular, the dimension
of this cell is 2.
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Putting all this we obtain the following schematic pictufete polyhedral comple$(Kr),
where for simplicity we have omitted the fact@rcorresponding to the additive constant
in all cells:

(RR) (PL.P)

(Q.P)

The spaceéR(Kr) is then obtained from this by dividing out the action of thensyetric
group on two elements, which can be realized geometricglRfddding S(Kr) along the
dashed line above”. In particular, boR{Kr) and S(Kr) are not pure-dimensional, but
rather have components of dimensions 2 and 3.

The above example shows that when formulating a Riemani-i§pe statement about the
dimensions of the spac&D) we have to be careful since these dimensions are ill-defined
in general. The following definition will serve as a repla@h

Definition 1.12. Let D be a divisor of degree on a tropical curvé .

(a) We define (D) to be the biggest integ&rsuch that for all choices of (not necessar-
ily distinct) pointsPy, ..., P € I we haveR(D — P; — - - - — F) # 0 (or equivalently
S(D—Py—---—F) # 0), wherer(D) is understood to be-1 if R(D) (or equiva-
lently S(D)) itself is empty.

(b) If D is aZ-divisor on aZ-graphl” there is also a corresponding “discrete version”:
we letr{D) be the biggest integer such th{D — P, — - - - — P) # 0 for all choices
of k pointsPy,...,R e Tly.

If we want to specify the curvE in the notation of these numbers we will also write them
asrr(D) andrr (D), respectively.

Example1.13

(@) By remarKLIf () itis clear thatD) = —1 if degD < 0, andr(D) < degD other-
wise. The same statement holds fOD) for Z-divisors onZ-graphs.

(b) For the canonical divisor of the metric graph in exanipEliwe have (Kr) = 1
since we have seen that

e for all pointsP; € T there is a rational functiofi with (f) +Kr =P+ P
(i.e. f e RIKr —Py));

e for some choice oPy,P, € I (e.g.P1 andP, in the interior of the circle€;
andCy, respectively) there is no rational functiérwith (f) +Kr = Py + P».

(c) LetT be a metric graph, and lét € R-o. By arescalingof ' by A we mean
the metric graph of the same combinatoric$ aghere we replace each edgef
lengthl(e) by an edge of length - I (e). Note that any divisor (resp. rational func-
tion) on[ gives rise to an induced divisor (resp. rational functiom}tee rescaling
by also rescaling the positions of the points (resp. theesbf the function). In
particular, the numbergD) for a divisorD onl" remain constant under rescalings.
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Note that rescalings by positive integers t&kgraphs and.-divisors again t&.-
graphs andZ-divisors, but thar (D) may change in this case since the rescaling
introduces newZ-points.

Remark 1.14 By the proof of lemmd_I]9 the continuous parameters for teenehts
(f,Pi,...,Py) of S(D) are the positions of the poin® and the value off at a chosen
vertex. In particular, when passing fra8(D) to S(D — P) for a generic choice of this
fixes one of thé® and thus makes each cell §fD) (disappear or) one dimension smaller.
It follows that the maximal dimension of the cells D) (andR(D)) is always at least
r(D) + 1 (with the+1 coming from the additive constant, i.e. the value of thecfioms at
the chosen vertex).

Remark 1.15 There is another interpretation of the numbgiB) that we will need later:
let D be a divisor of degrea on a tropical curvd, leti € {0,...,n}, and assume that
S(D) # 0. Consider the forgetful maps

m:SD) =T, (f,P,....,P) — (P,....P).

Note that these maps are morphisms of polyhedral complexdéeisense of [GM] (i.e.
they map each cell of the source to a single cell in the targeinbaffine linear map). Itis
clear by definition that the numbe(D) can be interpreted using these maps as the biggest
integeri such thatr is surjective.

Example 1.16 Consider again the metric graphof exampld_1.111, but now the spaces
R(D) andS(D) for the divisorD = P’ + Q', whereP’ areQ’ are interior points of the cycles
Cy andCy, respectively. In this case lemmaR.2 will tell us tli&tP;, P,) can only be in
S(D) if each cycleC; contains one of the poini, P,, which is then easily seen to require
that in fact{P,Q} = {P1,P,}, i.e. thatf is a constant function. It follows th&(D) is
simply the real line, where&&D) is two disjoint copies oR (i.e. both spaces have pure
dimension 1). It also follows in the same way théD) = 0.

In particular, when comparing this to the result of examfildd and_1. 1B (b) (which can
be regarded as the limit case wH&nr— P andQ’ — Q) we see that(D) can jump, and that
the spaceR(D) andS(D) can change quite drastically under “continuous deformataf
D". So as in the classical case it is really only the numi§er) — r (Kr — D), and notr (D)
alone, that will turn out to depend on the degre®daind the genus df only.

2. RIEMANN-ROCH FORQ-DIVISORS

We will now start with the study of Riemann-Roch theoremsr Basic ingredient is the
Riemann-Roch theorem for finite (non-metric) graphs of Bakel Norine ([BN] theorem
1.11) that is easily translated into our set-up:

Theorem 2.1(Baker and Norine)Let I be a Z-graph of genus g all of whose edge lengths
are bigger than 1. Then for every Z-divisor D onI" we have (D) — f(Kr — D) = degD +
1-g.

Sketch of proof. We start by replacing each edgef I by a chain ofl(e) edges of length
1, arriving at a graph whose geometric representation is#nee as before, and where
all Z-points that were in the interior of an edge have been turnem2-valent vertices.
Note that by the condition that all edge lengths of the oaggraph are bigger than 1 this
implies that the new graph has no loops, i.e. no edges whaskdundary points coincide
(an assumption made throughout in [BN]). As it is clear by mi&éin that none of the
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terms in the Riemann-Roch equation changes under thiforamation it suffices to prove
the theorem for the new graph. By abuse of notation we wit disnote it byl".

Note that every rational functiohonl” whose divisor is &-divisor is uniquely determined
by its values on the vertices (since it is just given by linederpolation on the edges).
Moreover, up to a possibly non-integer global additive ¢antsall these values df on the
vertices are integers. Conversely, every integer-valuadtfon on the vertices df gives
rise to a rational function oh (by linear interpolation) whose divisor isZadivisor. As all
edge lengths it are 1 the divisof f) can then be rewritten using this correspondence as

(H)=> (F(Q-1(P)-(P-Q) ()
PQ
where the sum is taken over all edgeslofand P and Q denote the boundary vertices
of these edges in any order). In particular, foZalivisor D the numberr (D) can also
be defined as the maximum numbesuch that for each choice of verticBs,..., B of
I there is an integer-valued functidnon the vertices of such that(f) + D is effective,
where(f) is defined by(x).

This is the approach that Baker and Norine takeé inl[BN]. Tratsiglish the Riemann-Roch
theorem in this set-up, thus proving the theorem as statedeabiio prove their theorem
their first step is to show its equivalence to the followingtstatements:

e 7(Kr)>g—1;and

e for anyZ-divisor D € Div(I") there exists &-divisor E € Div(I") with degE) =
g—landr{E) = —1 such that exactly one of the s&D) andR(E — D) is empty.

The central idea in the proof of these two statements is theorsider total orderings on
the vertices of . For each such ordering there is an associated divisor

E= ; m(e) — Z P
ecE(IN) PeVv(Ir)

wherem(e) denotes the boundary pointethat is the bigger one in the given ordering —
the divisorE in the second statement above can for example be taken tathis &rm for
a suitable ordering (that dependsDh For details of the proof seg [BN]. O

In order to pass from the “discrete case” (the spaR(@)) to the “continuous case” (the
spacefR(D)) we need a few lemmas first.

Lemma 2.2. Let D bea Z-divisor ona Z-graph ', and let (f,Py,...,P,) € S(D). Assume
moreover that some B is not a Z-point. Then on every cycle of I containing P, there is
another point P; (with i # j) that is also not a Z-point.

Proof. Assume tha€ is a cycle containing exactly one simple z&e- P, € ' \ ' (note
that if P is a multiple zero then we are done). Consider the cgcle be the interval
[0,1(C)] with the endpoints identified such that the zero point liesaovertex, and let
xe€ {1,...,1(C)} be the integer such th&e (x— 1,x) with this identification. By adding
a suitable constant tb we may assume thdt(x — 1) € Z. SinceP € (x—1,x) and the
slope off on the intervalx— 1, P] differs from that on the intervdP, x) by 1 we conclude
that f(x) ¢ Z. As all other points of non-differentiability of on [0,1(C)] are Z-points
by assumption it follows that(Q) € Z for all Q=0,...,x— 1 andf(Q) ¢ Z for all Q =
X,...,1(C). In particular, we see thdt(0) £ f(I(C)), in contradiction to the continuity of
f. O
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Lemma 2.3. For every Z-divisor D on a Z-graph " with R(D) # 0 we have R(D) # 0.

Proof. We will prove the statement by induction on= degD.

Let f € R(D), so that(f)+D = Py +--- 4 P, for some (not necessarily distinct) points
P € T. In particular, this requires of course that 0. Moreover, ifn= 0 then(f) = —D

is a Z-divisor and hence € R(D). As this finishes the proof in the case< 0 we can
assume from now on that> 0, and that the statement of the lemma is true for all divisors
of degree less tham

If B €Tz for somei thean € R(D-PR) and henceﬂ(D —R) # 0 by the induction as-
sumption. As this implie®(D) # 0 we have proven the lemma in this case and may thus
assume from now on that none of tRas aZ-point of the curve.

After possibly relabeling the poind we may assume in addition thak0dist(P,,Iz) <
dist(R,lz) foralli=1,...,n,i.e.that?, is a pointamong thB that minimizes the distance
to theZ-points of the curve. LeP € 'z be a point with digtP,, P) = dist(P,,I'z) =: d,
and letl” c T be the connected componentlof{Px,...,P,} that containd®. With this
notation consider the rational function
hiF >R Ow {— min(d,dist(Q. {Pr.....Pa})) ifQer",

0 otherwise
The following picture shows an example of this constructidm this example we have
assumed for simplicity that all edges of the graph have teagio thaf 4 is just the set of
vertices. The distance frofs to P is smallest among all distances from fheo a vertex,
and the subsdt’ C I is drawn in bold.

h=0here———

We claim thatf +h e R(D —P). In fact, this will prove the lemma sind&(D — P) # 0
impliesR(D — P) # 0 and thus als&®(D) # 0 by the induction assumption.

To prove thatf + h € R(D — P) we have to show thatf +h)+D —P > 0, or in other
words that(h) + P, +---+ P, — P > 0. Let us assume that this statement is false, i.e. that
there is a poin@ € I that is contained in the divisgh) + P, + - - - + P, — P with a negative
coefficient. Note tha® cannot be the poirR since orgh > 1 by construction. S@ must

be a pole oh. But again by constructioh can only have poles at the poir®s and the
order of the poles can be at most 2 since the slogei®D or+1 everywhere. So the only
possibility is thatQ is a point with ordyh = —2 that occurs only once among tRe(as it is

the case fof) = P, in the example above). But this means thatontains both sides @,

and thus (sinc&’ is connected) thdt’ U {Q} contains a cycle on whic® is the only point
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in (f) that is not &-point. But this is a contradiction to lemrha®.2 and hencslies the
proof of the lemma. O

Proposition 2.4. Let D be a Z-divisor on a Z-graph I'. Then thereisan integer N > 1
such that r(D) = f(D) on every rescaling of ' by an integer multiple of N (see example

LI3[c).

Proof. Letn:=degD andm:=r(D) + 1, and assume first that < n. Consider the map
Tt : S(D) — I of remarKLIb. Asty, is a morphism of polyhedral complexes its image is
closed inm™. Sincemy, is not surjective by remafkL1L5 this means thdi mn(S(D)) is a
non-empty open subset Bf' that consequently must contain an elem@éht. .., Py) with
rational coordinates. For this element we h&® — P, — - -- — Pyy) = 0 by construction.

Now letN be the least common multiple of the denominators of thesedomates. Then
P1,...,Pn becomeZ-points on each rescaling 6f by a multiple ofN, and thus we also
haveé(D — Py —---—Py) = 0 on each such rescaling by remBrK|L.7 (c). By definition this
then means thatD) < m—1=r(D) on these rescalings. This proves tm€D) < r(D)”

part of the proposition in the case < n. But note that this part is trivial ifn > n, since
thenr{D) <n<m-—1=r(D) by exampl€1.1B (&) (on any rescaling). So we have in fact
proven the {D) <r(D)” part of the proposition in any case.

To show the oppositqinequalityCD) >r(D)” (which in fact holds for any rescaling) we

just have to show th&(D — P1— --- — P p)) # 0 for any choice ofZ-pointsP, ..., P p).
But this now follows immediately from lemnia2.3 sinB¢D — Py —--- — P (p)) # 0 by
definition. O

We are now ready to prove the Riemann-Roch theorerfdivisors onQ-graphs.

Corollary 2.5 (Riemann-Roch fo@-graphs) Let D bea Q-divisor on a Q-graph". Then
r(D)—r(Kr—D)=degD+1—g.

Proof. Note that it suffices by example TJL3](c) to prove the staté¢mier a rescaling of
the curve.

AsT has only finitely many edges aficontains only finitely many points we can assume
after such a rescaling thBtis in fact aZ-divisor on aZ-graphl’, and that all edge lengths
of I are bigger than 1. By propositibn 2.4 we can then assume padt&gibly two more
rescalings that both(D) = f(D) andr(Kr — D) = f(Kr — D). The corollary now follows
from theorenfi Z]1. O

3. RIEMANN-ROCH FOR TROPICAL CURVES

We will now extend our Riemann-Roch theorem fdigraphs (corollarf 215) in two steps,
first to metric graphs (i.e. graphs whose edge lengths needdenmtional numbers) and
then to tropical curves (i.e. graphs with possibly unbourei#ges).

Proposition 3.1(Riemann-Roch for metric graphsifor any divisor D on a metric graph
I" of genusgwe haver (D) —r(Kr — D) =degD+1—g.

Proof. LetD = a1Q1 + -+ + anQm, and letn = degD. The idea of the proofis to find a
“nearby” Q-graphl”’ with a Q-divisor D' on it such that(D’) = rr(D) andrp/ (Kr —
D’) = r(Kr — D), and then to apply the result of corolldryP.5 to this case.
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To do so we will set up a relative version of the spaB&3) of definition[Z6 and the
interpretation ofr (D) of remarkLIb in terms of these spaces. Weefix Q- smaller
than all edge lengths df and denote byA(I") the set of all metric graphs that are of the
same combinatorial type &sand all of whose edge lengths are greater or equal Eor
such a metric graph’ € A(I") we denote byB(I"") the set of all divisors of’ that can be
written asa1 Q) + - - - +amQ},, for someQy,...,Q, € " and the samay,...,am as inD.
With these notations we set

S:={(I",D',f,Py,...,P); I e A(I), D' € B(I'), f arational function or”’,
Pi,...,Phelsuchtha(f)+ D =Py +---+Pp},
M; = {(I",D',Py,...,R); T" € A(T), D' € B('), Py,....R €} fori—0,....n,
M:={(I",D); I"e A(l), D' e B(')}

In the same way as in lemnha]l.9 we see that all these spaceslghedral complexes
— the only difference is that there is some more discrete @ataesponding to fixing the
edges or vertices on which the pointsiv lie) and some more continuous data (corre-
sponding to the edge lengthsldfand the positions of the points DX on their respective
edges). There are obvious forgetful morphisms of polyHednaplexes (i.e. continuous
maps that send each cell of the source to a single cell of thettay an affine linear map)

M : S— M;, (I”,D’, f,P,...,Ph) — (r/7DI,P1,...,F’|)

and
pi:Mi—M, (I'.,D,Py,....R)— (I D).

As in remarT.T6 we havg:(D’) > i for a divisorD’ € B(I'") on a metric graph’ € A(I")
if and only if 15 (S) contains(l"’,D’,Py,...,R) forall Pi,...,R € I, or equivalently if and
only if (I’,D') € M\ pi(M\Ti(S)).
SinceSis a polyhedral complex armg a morphism of polyhedral complexes it follows that
the imageT (S) C M; is a union of closed polyhedra. Consequenty\ 15 (S) is a union of

open polyhedra (i.e. an open subseMpfwhose intersection with each polyhedron\f
can be written as a union of spaces given by finitely manytdiniear inequalities).

Next, note that the map; is open as it is locally just a linear projection. It followsat
pi(Mi\T5(S)), i.e. the locus ifM of all (I"",D’) such thatrr(D’) < i, is a union of open
polyhedra as well. Consequently, its complemehp; (Mi\15(S)), i.e. the locus inV

of all (I",D’) such thatrr/(D") > i, is a union of closed polyhedra. Finally, note that all
polyhedral complexes and morphisms involved in our cortion are defined ovep, so
that the locus of al{l”’,D’) with r (D) <i (resp.rr:(D) > i) is in fact a union ofational
open (resp. closed) polyhedrahh Of course, the same arguments holdrfe(K — D’)

as well.

We are now ready to finish the proof of the proposition. By whkiathave said above the
locus of all(l",D’) in M such thatr(D') < rr(D)+1 andrr (Krs —D') < rr (Kr —D) + 1

is an open neighborhodd of (I',D). Conversely, the locus of all’,D’) in M such that
rr/(D') > rr (D) andrr (K — D) > rr (Kr — D) is a unionV of rational closed polyhedra.
In particular, this means that the rational point¥afre dense iv. AsU NV is non-empty

(it contains the poin(l, D)) it follows that there is a rational point b NV, i.e. aQ-graph

" with aQ-divisorD’ on it such that/(D’) = rr (D) andrr (K — D) = rr (Kr — D). As

" andl" have the same genus, abtlandD the same degree, the proposition now follows
from corollan[2.5. O
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So far we have only considered metric graphs, i.e. tropigales in which every edge is
of finite length. In our final step of the proof of the RiemanaeR theorem we will now
extend this result to arbitrary tropical curves (with pbgsinfinite edges). In order to do
this we will first introduce the notion of equivalence of digrs.

Definition 3.2. Two divisorsD andD’ on a tropical curvé are calledequivalent(written
D ~ D) if there exists a rational functiohon " such thaD’ =D + ().

Remark 3.3 If D~ D', i.e.D' = D+ (f) for arational functiorf, then it is obvious that the
mapR(D’) — R(D), g+ g+ f is a bijection. In particular, this means th&D) = r(D’),
i.e. that the functiom : Div(I") — Z depends only on the equivalence clas®of

Lemma 3.4. Let I be a tropical curve, and let I' be the metric graph obtained from I
by removing all unbounded edges. Then every divisor D € Div(I") is equivalent on I to
a divisor D’ with suppD’ C I'. Moreover, if D is effective then D’ can be chosen to be
effective as well.

Proof. To anyP € I, we associate a rational functidp as follows. IfP € I', we definefp
to be the zero function. Otherwise Rflies on some unbounded edgewe define

min(dist(P,I"),dist(Q,I")) if Q€ E,
0 if Q¢ E.

If P ¢ T, then the functiorfp has a simple pole & and no other zeros or poles away from
I". The following picture shows an example of such a functionere the metric graph
is drawn in bold:

fp: [ — RU{w}, Q'—>{

e m e m - —

.
\/

SoifD =aP1 +---+a,P, and we sef = 3;a fp thenD + (f) is a divisor equivalent to
D with no zeros or poles away from Moreover, ifD is effective therD + (f) is effective
as well since all poles of are cancelled b by construction. O

Remark 3.5. With notations as above, IBY, - - - , P, denote the end points of the unbounded
edgesg of I', and consider the functioh= 3 fp. Thenf is zero on the graph and has
slope one on each unbounded edge. If we denote fora{lL,...,n} the pointE NI by

Qi, then(f) =3 Qi — Y R. HenceKr + (f) =Kf, i.e.Kr ~KronT.

Lemma 3.6. Asin the previous lemma let I be a tropical curve, and let I' be the metric
graph obtained from I by removing all unbounded edges. Moreover, let D be a divisor on
I" (that can then also be thought of asa divisor on " with support onI'). Then R-(D) # 0
if and only if R (D) # 0.
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Proof. “=": Let f be a rational function ifR- (D). Extendf to a rational functiorf onl™
so that it is constant on each unbounded edge. ThelR-(D).

“«<" Let f € R-(D), and seff = f|r. Letebe an unbounded edgelofand letP =T ne
be the vertex where is attached td". Sincef has no poles or it follows that f|e is
(not necessarily strictly) decreasing if we iden#fwith the real interval0, «]. Hence the
order of f onT at P cannot be less than the order bbn " at P, and so it follows that

f € R-(D). O

Remark 3.7. LetT, I', andD as in lemm&3]6. By lemnia3.4 any effective divisar+

-+ PRconT is equivalent to an effective divisd?, + --- + P, with support onl". So
by remark3.B the numbef(D) can also be thought of as the biggest intdgsuch that
RF(D—Pi—---—F) #0forall Py,...,Pc €T (instead of foralPy,..., R €). By lemma
[3.8 we can therefore conclude tmatD) = rr (D).

With these results we are now able to prove our main theorem:

Corollary 3.8 (Riemann-Roch for tropical curveslror any divisor D on a tropical curve
I" of genusg we haver (D) —r(Kr — D) =degD +1—g.

Proof. LetT” be the metric graph obtained fromby removing all unbounded edges. By
lemmal3% and remafk 3.3 we may assume that Bugg™. Moreover, by remark 315
we can replac&rF by Kr (which also has support ifi) in the Riemann-Roch equation.
Finally, remarK33J7 now tells us that we may replagéD) andri(Kr — D) by rr(D) and
rr(Kr — D) respectively, so that the statement follows from proposif.]. O
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