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1. Introduction
Let G be the group of if-rational points of a connected simple algebraic
group over an algebraically closed field K of characteristic p. Let a be a
surjective endomorphism of 0 such that the group Ga of a-stable elements
is finite.

The aim of the present paper is to obtain information about the centra-
lizers of semisimple elements in Ga, for all groups G of classical type. To
achieve this we shall use some general results which have been derived in
a recent paper [5]. We shall also derive explicit formulae for the degrees
of the semisimple representations of Gff when G is of adjoint type.

If re is a semisimple element of Gff then its connected centralizer C0(x)° is
a a-stable reductive subgroup of G of maximal rank [2, p. 201] and its
connected centralizer COa(x)° in Gff is the subgroup of a-stable elements in
Co(x)°. We therefore consider more generally any a-stable connected
reductive subgroup Gx of maximal rank in G and determine when its
subgroup {G^ of a-stable elements is the connected centralizer of some
semisimple element in Gff.

The set # of a-stable conjugates of Gx in G is acted on by Ga under
conjugation, and the set of orbits ^/G^ is in bijective correspondence
with the set of a-conjugacy classes in ^wiW^/W^ where W is the Weyl
group of G and Wx is the Weyl group of Gx [5]. Gx factorizes as Gx = MS,
where M is semi-simple, S is a torus, and M nS is finite. Moreover, the
order of (GJg. is given by | (CJJ = \Ma\. \Sa\. A a-stable conjugate Gx° is
the connected centralizer of some semisimple element in Ga if and only if
a certain finite abelian group F, determined by Gx and the a-conjugacy
class in ^w^Wi)/^ n a s a regular character [5].

We shall say that two semisimple elements x, y of Ga are of the same
genus if their connected centralizers C0(x)°, C0(y)° are conjugate under Ga.
The property of belonging to the same genus gives an equivalence relation
on the semisimple conjugacy classes in Ga. The orders of the connected
centralizers in Ga of semisimple elements of the same genus are equal. We
shall describe for each group Gv of classical type the orders of the semi-
simple and toral parts of the connected centralizers COg(x)°.
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Deligne and Lusztig have shown [6] how families of irreducible complex
representations of the group Ga can be constructed; these representations
might be called the semisimple representations of Ga. It was proved by
Deligne and Lusztig that they are in bijective correspondence with the
semisimple conjugacy classes in Qa) where Q is the dual group of 0,
if 0 is an adjoint group [6, 10.7]. The degrees of the semisimple represen-
tations of Ga can be written down in terms of the orders of the connected
centralizers of the corresponding semisimple elements in the simply-
connected group Qff. In fact these degrees have the form

We shall describe these degrees for each adjoint group Gff of classical type.
The results are valid for values of q sufficiently large, where q is the
number of elements in the finite field corresponding to Gv, but for small
values of q some of the degrees may be missing in Gv. If G is not adjoint
the degrees of the semisimple representations of Qv need not be given by
the above formula, although they appear to differ from it only in minor
respects.

For the general background to the subject under discussion the reader
should consult, for example, [2] or [8].

2. Classical groups over finite fields and their duality
We assume that G is of classical type, i.e. of one of the types Ah Blt Cb Dt

in the standard classification. For each of these types there are a number
of isogenous simple groups. In type Ax there is the simply-connected group
(̂ 4j)8C, the adjoint group (-4j)ad, and a number of other groups which are
neither simply-connected nor adjoint. In type Bx the simply-connected
group (JB,)8C and adjoint group (5,)ad give the only possibilities, and this is
true also in type C,. In type D, there is, in addition to (Z),)sc a n d (A)ad>
the special orthogonal group SO2J which we denote by (Dj)80. When I is
even, there is a further group of this type called the half-spin group {Dt)KS.

If G is of classical type its dual &, as defined by Deligne and Lusztig [6], is
also of classical type. The duals of the groups G described above are shown
on p. 3. For each of the above groups G the Frobenius map of raising
matrix coefficients to the gth power gives a surjective endomorphism a for
which Ga is finite. (Here # is a power of the characteristic # of K.) Weobtain
in this way the split groups, or Chevalley groups, of classical type over finite
fields. However, for the types in which the Dynkin diagram has a
symmetry, viz. type Ax when I ^ 2 and type Dt, we can choose for a the
qth. power map combined with the graph automorphism derived from the
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symmetry of the Dynkin diagram. In this way we obtain the quasi-split
groups, or Steinberg groups, over finite fields. These Steinberg groups
will as usual be denoted by *4, and 2D,. (The triality twisted Steinberg
groups 32)4 may more naturally be regarded as exceptional groups and
will not be discussed in the present paper.)

If Oa is a finite group of classical type its dual &ff is also finite of classical
type. The duals &a of the groups Gg described above are given in the
following list. In this list we have identified each group with its usual
description in terms of matrices; the orthogonal and spin groups, labelled

PGLz+1(g) = (4)adfe), ( 4 U 0 = SLl+1(q),
q)t (Q)ad(<7) = PGSP a(g),

«) = Spin2I+1te),
Spinate) = (A)scte), (A)adte) = POate),

so2Jte) = (AUff). (AW?) = soate),
HS^C?) = (A)nste)> ( A W ? ) = HSB(g), Z even,
POate) = (A)adte), (A)scte) =

= (2A)scte2)> (2A)ad(?2) =
= (2A)8O(32), (2A)8O(32) =
= (2A)ad(32), (2A)BC(?2) =



4 R. W. CARTER

0~, Spin", being relative to a non-singular quadratic form which is not of
maximal index over the finite field with q elements. We note that all the
finite groups Ga in a given isogeny class and with given a-action on the
Dynkin diagram have the same order [1, p. 371].

3. Reductive subgroups and induced symmetries

Let Gx be a a-stable reductive subgroup of G of maximal rank. Let T
be a a-stable maximal torus of Gv so also of G. Let <D be the root system
of G with respect to T and Ox be the root system of Gx. O is a subset of the
character group X of T. Let W be the Weyl group of G and Wx the Weyl
group of Gv Let Ax be the Dynkin diagram of Gv

LEMMA 1. Let W2 = Wj; be the orthogonal Weyl subgroup to Wx in W.
(W2 is generated by the reflections in the hyperplanes orthogonal to roots
orthogonal to all roots in Q>v) Then Wx x W2 is a normal subgroup ofJ^iW^,
and >4/w{W1)/W1xWi is isomorphic to AutPF(A1), the group of symmetries
induced by W on Ax.

Proof. See [4, Proposition 28].

COROLLARY 2. There exists a natural homomorphism

LEMMA 3. Let Hi be a fundamental system in Ox and define

Then we have Jfw^ = W^w^) and W^jV^Iiy) = 1.

Proof. Let w e J^iWJ. Then w{®x) = Ox. Hence ^ ( n ^ c <&v W{UX) is
a fundamental system in Ox so there exists wxsWx such that

Hence ^ ^ ^ ( n ^ = XIv and so W = ^ ^ ^ ( r i j ) . Moreover,

since the only element of the Weyl group which stabilizes a fundamental
system is the identity.

COROLLARY 4. ^wi^iV^i *5 isomorphic to ^^{UJ.

COROLLARY 5. W2 is a normal subgroup of ./^(II!), and >yVw(^i)/^2 *s

isomorphic to AutFF(A1).

Proof. Every element of W which stabilizes U1 stabilizes the orthogonal
system of nx, viz. O2, and so fixes the Weyl group W2 of O2. Hence W2 is
normal in ^^(11!). Moreover, we have

by Lemmas 1 and 3.
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Now the G^-orbits on the set # of a-stable conjugates of Gx in G are in
bijective correspondence with the set of a-conjugacy classes in -^W^W^)/WV

Wxw' is a-con jugate to Wxw" if and only if there exists w e W such that

Wxw" = (W^^WxW^^w)-1.

This correspondence is derived as follows. If Gx° is a-stable then
gvg-1 = n lies in N = J^iT), so under the projection map n: N -> W = N/T
we have 7r(n) = w. This element w lies in ^^(T^) so gives rise to a
a-conjugacy class in ^w{Wx)/^i [*>]• We shall use frequently the following
result about the structure of the semisimple part M° of such a a-stable
conjugate of Gv

PROPOSITION 6. Let g e G satisfy g°g~x = n e N, where

Let w map to r under the natural homomorphism ^V(T^) -> AutPF(A1). Then
(M0)^ is isomorphic to MaT. (T is here interpreted as the graph automorphism
of M corresponding to the given symmetry of the Dynkin diagram of M.)

Proof. See [5].

We shall now consider the individual types Alt Bh Ch D, separately with
the aim of determining information about the semisimple part {M0)^ and
toral part (S0)a of the group (Gx

a)v of a-stable elements in the a-stable
conjugate Qx

g of Ov

Type Ax

Suppose G has type Av The endomorphism a of G induces an endo-
morphism of the character group X of T, also called a, which has the
property that a = qa0, where q is a power of p and a0 is an isometry of X.
a0 has order 1 or 2 depending upon whether Ga is split or twisted. X
contains the set O of roots, and O can be written conveniently in the form

O = fo-e,: i # j , i,j 6 {0,1, ...,Z}},

where eo,ev...,el form an orthonormal basis of an (J+l)-dimensional
euclidean space. The Weyl group W acts on this space by permuting the
basis elements according to the symmetric group Sl+1. a0 acts on the roots
either as the identity or as an element of order 2.

The root system of any a-stable reductive subgroup of G is equivalent
under W to a system Ox of the following type. Let A = (A^Ag,...) be a
partition of I + 1 and let /lf 72,... be disjoint subsets of {0,1 ,...,1} with

\Ii\ = K 141 = A2, ....
Let Ox = {ei - ej e O: i, j e Ia for some a}. Then Ox is a subsystem of O of
type AXl_x x AXt_x x..., and will be a-stable provided that, when a0 has
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order 2, Ox is stable under the linear map defined by ei -> — e ^ . For each
i, let Ui be the number of parts of A equal to i. Then the orthogonal root
system O2 is of type Ani_x and consists of all ei - e,- e <J> with i e Ia, j e i^,
and \Ia\ = \Ip\ = 1. ^pp(Wi) consists of all permutations which permute
among themselves the 7a of a given size. Thus ^w{^\)/^i ^s isomorphic
to SnixSnix ..., and this is also isomorphic to -^(Tl^, by Corollary 4.
Wa is a normal subgroup of jV^iU^ isomorphic to Sni. Thus W2 has a
complement in ^^(U.^ isomorphic to AutR7(A1), and we have

Each element of AutPF(A1) gives a permutation of the Ia of size i for
• = 2,3,4,....

Now a acts on Jfwi$[^) ~ SnixSnax ..., and a acts on each 8n( indivi-
dually. Thus two elements wv w2 e ^Vw{Xi^) are a-conjugate if and only if
their components in Sn( are a-conjugate in Sn( for each i. Let rv T2 be the
symmetries determined from wltw2 as in Corollary 2. Then wliw2 are
cr-conjugate in Sni if and only if OQTX and a0r2, when regarded as permu-
tations of the components of 4>x of type Ai_lf have the same cycle type.
Let T 6 AutTF(A1). We describe the structure of the components of the
semisimple subgroup {Ma)a of {G-f)^ when G^ is a tr-stable conjugate of
Gx giving rise to the induced symmetry T. Since CTOT G /Snax 8n3x ..., aQr
determines, by its cycle type on 8ni, a partition ixli) of nt for each
i = 2, 3,4, For each part /x(i)^ of /x(i) we have a cyclic permutation of
ix{i)j components A^^ We now distinguish between the two possible cases
for a0.

(i) Suppose CT0 = 1. Then T fixes the product of the fjb{i)j components
Ai-\ and by [5] gives rise to the twisted form of a group of type

Ai-\ x Ai-X x ... x Ai_1 {(J<li)j terms)

obtained by combining the cyclic graph automorphism of order /u(i)^ with
a field automorphism of the same order over the finite field GY(q/ll<>i) and
taking the fixed points of the product. This procedure gives a group of
type -4*_i(<7/l("'). Thus the simple components of the semisimple group
{M% are of the form A^q^). Thus we have:

PROPOSITION 7. Let G be a group of type Ax and let a be such that Ga is
split. Let Gx be a reductive subgroup of maximal rank in G corresponding to
a partition Xofl+l. Let Gx° be a a-stable reductive subgroup of G obtained
by twisting Gx by an element w e W defined by ^(g^g'1) = w. Suppose w
maps to T under the homomorphism ^^{W^) -> AutPF(A1). Let n4 be the
number of parts of A equal to i, so that AutPF(A1) ~ 8ni x 8n3 x .... Suppose
T gives rise to partitions /x(2),/x<3),... of n2,nZi... respectively. Then the
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simple components of the semisimple group (Ma)a are of type -4<_i(<jf/*<')') with
one component for each i = 2 ,3 . . . and each part fxli)j of nli).

The order of the toral part (#ff)a of {G^)^ is given by

Proof. I t remains to prove only the formula for the order of the torus
(S%. By [5], (S% is isomorphic to X/Px/{qaQw-l)X/Px, where Px

consists of these elements of X expressible as rational combinations of
roots in Ov I t follows from this that the order of {S0)^ is x(<?)» where x(0
is the characteristic polynomial of aow on the vector space X ®Q/PX ®Q.

Now we have

X = {2«W aieZi
yZai = 0}.

In X/Px we identify those ei coming from the same component of Gx. Thus

X/Px = { S ^ v at e Z, 2a< = 0},

with one term ê  for each component of Gv We then obtain a contribution
to the characteristic polynomial x(0 from each cycle of aow on the com-
ponents of Gx. In the present case a0 = 1, and for each cycle of T of length
/x(*^ of components of type At_x we obtain a contribution t^—l to
Thus, we have

dividing by t — 1 because of the condition 2 ai = 0.
(ii) Now suppose a0 has order 2. Given T G AutfF(A1) we again wish to

describe the structure of {Ma)a where rrffig-1) = w maps to r. We again
consider the cycles of <TOT on the components of type Ai-X. Now we have

(Mo\ ~ M — M

and this has a simple component for each r-cycle which is isomorphic to
•^i-i(^r) o r 2Ai-i{q2r) depending on whether (<J0T)r twists the component
Ai-X or not. Calculation shows that if r is even then {aor)r e W, so cannot
twist A^n whereas if r is odd (o0T)r e a0W, so must twist At_x. Hence
one obtains a component -4i_1(<2f/<(">) when ix(i)j is even, and 2-4<_i(gf2/*(°0
when [A1**} is odd. Thus we have:

PROPOSITION 8. Let Gbea group of type Ax and let Ga be the twisted form
of G. Let Gx be a a-stable reductive subgroup of maximal rank in G corres-
ponding to a partition Xofl+l. Let Gx° be a a-stable reductive subgroup of G
obtained by twisting Gx by an element w e W defined by ̂ (g^g-1) = w. Suppose
w maps to r under the homomorphism >/i^(Wx) -* AutPF(A1). Let nt be the
number of parts of A equal to i, so that AutPF(A1) ^ Sni x #„, x Suppose
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CTOT gives rise to partitions /x(2),/x<3),... of n2)n3,... respectively. Then the
simple components of the semisimple group (Ma)a are of type A^^q^) for
li(i)j even and of type 2-4<_i(g2/*<Oi) for /u.(i)^ odd.

The order of the toral part (S0)^ is given by

(<7+i)ion,i= n (srm'-i) n (g^+i).

Proof. Again we have verified everything except the order of {S9)^. As
in the proof of Proposition 7 we must consider the characteristic poly-
nomial x(0 of CT0 w on X/P1 ® Q. For each r-cycle of a0 T on the components
of G, we obtain a contribution to x(0 of tr— 1 if r is even and tr+1 if r is
odd. Finally, we must divide the product by t+1 to take account of the
condition 2 ai = 0 in the definition of X.

Suppose 6r has type Ct and the characteristic of K is not 2. The root
system O of 0 may be written in the form

0 = {±e1±ei, ± 2 e < : * ^ j } ,

with i,j e {1,2, ...,Z}, where e1,e2, ...,e, form an orthonormal basis of an
Z-dimensional euclidean space. The subsystems Ox of <J> which are addi-
tively closed (i.e. which satisfy Z O ^ O = Ox) may be obtained by the
algorithm of Borel and de Siebenthal [3]. Every reductive subgroup
Ox = (T, Xr, r G <!>!> has a root system Ox which is additively closed
(although this is false in characteristic 2). The additively closed sub-
systems Ox are obtained as follows. Let A, fx be partitions with | A | +1 /x | = I.
Let A = (A1}A2,...), fi = (fjLltfi2>...). Let I1,I2,...tJ1,J2,... be subsets of
{1,2,..., 1} such that | / a | = Aa, | Ja\ = /Ma, and {1,2,..., 1} is a disjoint union
of Ilt I2,... and Jv J2, Let Ox be given by

^i = U K - ^ : » ^ h i>3 e 4}U{±«<±«ii ± 2 e i : * # J»*J e « }̂.
a /?

Then Ox is the root system of a semisimple subgroup of type

^ A i - i x ^ A 9 - i x . . . x CA1 x C M x . . .

and any additively closed subsystem is equivalent under W to one of these
given ones.

Now W has order 2ll! and w{ei) = ±et for all w, i, and for appropriate j .
Wx = W{<&x) has order Xx! A2!... 2^^! 2^2!.... Consider the subgroup
JVW{WX). This consists of all elements of W which permute among them-
selves the components A^ of a given rank and the components Ca of a
given rank. Let mi be the number of parts of A equal to i and nt be the
number of parts of [i equal to i. Then we have
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The orthogonal subsystem O2 has type Cmi xA1x...xA1 with m2 factors
Av thus | W2\ = 2mm1! 2m». Hence we have

Now W2 is complemented in ^^(11^ by the subgroup fixing ei for all* in a
subset Ia with | / a | = 1. This subgroup may therefore be identified with
Autw,(A1). We have

AuV(Ax) S 8m x (Z% \ £m3) x (Z21 £m4) x ... x Sni x Sn2x ...,

where Z2 * Sm denotes the wreath product of Z2 and 8m of order 2mm\.
Let T e AutPF(A1). T determines elements of

Now each element of a symmetric group can be expressed as a product of
disjoint cycles, and each element of Z2 x Sm can be expressed as a product
of disjoint positive and negative cycles [4, Proposition 24]. A cycle
etl -> ±e<2 -* . . . -> ±eix is positive if the sign of the concluding etl is
positive and negative otherwise. Thus the component of T in Z2 x Smt

determines a pair of partitions £{i),r){i) with I ^ I + IV^I = mi> where the
parts of £{i) give the lengths of the positive cycles and the parts of r){i)

give the lengths of the negative cycles. Also the component of T in Sn(

determines a partition £(i) of nt giving the lengths of the cycles.
Now consider the semisimple subgroup {M0)^ of {G^)a, where

7r(flr<r9r~1) = w a n d w -> T e AutpF(A1), as in Proposition 6. Proposition 6
implies that for each part £{i)

} of £{i) this group has a component of type
< a n d for each part -q{i)j of 7]{i) there is a component of type

)- Moreover, for each part t,{i)j of £(f) there is a component of
type Ciiqt1"'). Thus we have:

PROPOSITION 9. Let 0 be a group of type Ct over an algebraically closed
field of characteristic p # 2. Let Gt be a reductive subgroup of maximal rank
in 0 corresponding to a pair of partitions A, p with \ A | +1 \i \ = I. Let mi be
the number of parts of A equal to i and n4 be the number of parts of fx. equal to
i. Then AuV(Ax) S Sni2 x (Z2 x Sm3) x (Z2 x Smt) x ... x Sni x Sni x . . . . Let
Gx

a be a a-stable reductive subgroup of G obtained by twisting Gx by an
element w e W defined by ^{g^g'1) = w. Suppose w maps to r under the
natural homomorphism ./fpp(P^) -> AutTF(A1). Suppose r gives rise to a pair
of partitions £(i), r){i) with \ £li) | +1 rj{i) \ = mi (rj{i) is vacuous if i = 2) and
partitions £(i) with \ ^(i) | = nt. Then the simple components of the semisimple
group {Mg)a are of type A^q^i), 2^<_1(g2'w>i), C^q^) with one component
for each part of each | ( < ) ,^ ( i ) , £{i).

The order of the torus (8ff)a is given by
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Type Dt

Suppose 0 has type Dv Then the root system O of G may be written in
the form O = {±ei±ej: i # j , i,j e {1,2, ...,l}}, where e1,e2,...,el form an
orthonormal basis of Z-dimensional euclidean space. The Weyl group
TF(O) has order 2l~H! and consists of all elements w such that w{ei) = ± ei

and with an even number of negative signs for i e {1,2, ...,Z}. Let A,/tx be
a pair of partitions with | A| -f-|\i\ = I such that no part of JU, is equal to 1.
Let A = (Als A2, ...)> ^ = (i^is^j •••)• -L®̂  A>-̂2> •••>*̂ i>t 2̂> ••• be subsets of
{1,2, ...,1} such that | / a | = A^ |«4| = jna, and {1,2, ...,1} is a disjoint union
of Iv Z2,..., Jj, «72 Let Ox be the subset of O given by

$ i = U{e<-%: * # j , *,j e 4

Then Ox is a subsystem of O of type -4Al_j x AAi-1 x ... x D^ x Z)^ x
Moreover, any subsystem of O is isomorphic to some such O1} and is
equivalent to Ox under some automorphism of <f>, although not necessarily
under W. I t is therefore sufficient for our purpose to consider such
systems Ox. Now Wx = W{^x) has order \ ! A2!... 2^"1/x1! 2^~1/*a!....
Consider the subgroup ^^(Wi). The elements of •̂ pp(PPi) permute among
themselves the components Aa in O of a given rank and also the com-
ponents Da of a given rank. Moreover, l -^fWi) /^! = 1^11 AutPF(A1)|.
Let mi be the number of a with Aa = i, and let ^ be the number of jS with
\ip = i. The subsystem O2 orthogonal to Ox has type

Dmi xAlxA1x...xA1

with ra2 factors Ax if mx ^ 2 and type ^ i x Axx ... x AY if mx = 0 or 1.
Thus

[2™* if mx = 0.
Now consider the group AutPF(A1) of symmetries of the diagram of ^

induced by W. This group of symmetries contains permutations of
isomorphic components and also the non-trivial symmetry of Aa, for
a > 2, and Da, for a ̂  2 (although not the symmetries of order 3 in D4).
If mx ^ 1 we have

AuV(Ax) s <$Ux (Z, i Sma) x (Za i >SfTOl) x ... x (Z21 SJ x (Z, i 5 J x ...,

since the element w e W inducing such a symmetry can be made to
change an even number of signs by choosing its action appropriately in
the orthogonal space of Ox in V. If m1 = 0, however, AutFF(A1) is a sub-
group of index 2 in the above. In order to describe this subgroup of index
2 we consider the decomposition into positive and negative cycles of an
element in Aut^ (Ax). Each element of Sm is a product of positive cycles
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and each element of Z21 Smz,Z2 x Smi, ...,Z2x Sni,Z2x Sn3,... is a product
of positive or negative cycles. Now a negative cycle for components
Aa, with a even, is induced by an element w e W which changes an odd
number of signs of the ei occurring in the components in the cycle. A
negative cycle for components Da is also induced by an element w which
changes an odd number of signs. However, a negative cycle for components
Aa, with a odd, is induced by an element w e W which changes an even
number of signs. Now each w e W changes an even number of signs
altogether. Thus, if mr = 0, AutW7(A1) is the subgroup of

Smx(Z2 i Sma) x (Z2 i Smt) x ... x (Z2 x SJ x (Z2 x SJ x ...
of index 2 consisting of all elements whose components in

(Z2 x Sms) x (Z2 x Sm) x (Z2 x Smi) x ... x (Z2 x SJ x (Z2 x SJ x ...
have an even number of negative cycles. We have

I - ^ T O / W i I = i(2mimx! 2m*m2!... 2n*n2! 2n*nz!...)
in all cases.

Let T e A.utpr(A1). Then OT0T has components in

8n»Z* x Sms,Z2 x Smt,...,Z2 x Sn2,Z2 x Sna

The component of aor in Z2 x Sm determines a pair of partitions ^(<),^(i)

with | £(i) | +1V*'| = mi (a single partition gli) when i = 2). The parts of
gu) give the lengths of the positive cycles, and the parts of 7){i) give the
lengths of the negative cycles. Also the component of <TOT in Z2 x Snt

determines likewise a pair of partitions £(i), o>(i) with | t,w \ + \ <oli) | = ni} the
parts of £(i),o>(i) giving the lengths of the positive and negative cycles
respectively.

Consider the semisimple subgroup {M0)^ of {O^)ay where irig^g'1) = w
and w maps t o r e AutPF(A1). For each part f(i)^ of | ( f ) this group has a
component of type -4i_i(gf'("i) and for each part rj^j of 7j(i) there is a
component of type 2^_i(<72'("')- Moreover, for each part £(i)^ of £(i) there
is a component of type D^q^) and for each part co(i)^ of ouli) there is a
component of type ^{q2"1'**).

Thus we have:

PROPOSITION 10. Let G be a group of type Dt over an algebraically closed
field of characteristic p and let Gx be a a-stable reductive subgroup of maximal
rank in G determined by a pair of partitions A, /u, with | A | +1 /n | = I. Let mi

be the number of parts of A equal to i, and let nt be the number of parts of n
equal to i (% = 0). Then

rSmx(Z21 Sm3) x {Z% i Smt) x ... x (Z2 x SJ x (Z2 i SJ x ...

AutP F(A1) £ < ifm1>0,

<ob subgroup of index 2 in this if m1 = 0.
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Let G-f be a a-stable reductive subgroup of G obtained by twisting Gx by an
element w e W defined by n^g'1) = w. Suppose w maps to r e AutPF(A1).
Suppose O0T gives rise to pairs of partitions £{i),r){i) with \£{i) | +1 r){i) | = mi

{where rj(i) is vacuous if i = 2), and pairs of partitions t,(i), <o(i) with
\^li)\ + \(x){i)\ = n4. Then the simple components of the semisimple group
(Mo)ff are of type A^q^), ^^{q^')^^'), ^{q2^) with one compo-
nent for each part of each £(i), 7){i), £(i), w{i).

If mx = 0 the total number of components of type 2Ai_1, with i odd, and
type 2Di is even if ao= 1, and odd if a0 ^ 1.

The order of the torus (S% is given by \ {S^)ff \ = Ui/Q^ -1) UiM^3 + !)•

Type Bt

Suppose G has type 2?, and the characteristic of K is not 2. The root
system O of G has form <J> = {±e t±ep ±e^. i # j , i,j e {1,2,...,I}}. The
additively closed subsystems Ox of O are obtained as follows. Let A, p be
partitions with | A | +1 fi \ < I and let v = I — \ A | — | /x. |. Suppose no part of /x
is equal to 1. Let IvI2i...,J1,J2,--. be subsets of {1,2, ...,1} such that
l̂ al = â» l^al = Pa.* and let X be a subset with | iC | = v. Suppose {1,2, ...,Z}
is a disjoint union of IvI2,..., Jly J2,...,K. Let Ox be defined by

U

U {± H ± cif ± er. i ?j, i,j e K}.

Then <X>X is an additively closed subsystem of type

and every additively closed subsystem of <I> is equivalent to some such
<!>! under W. Let Wx = W^j) and consider the subgroup ^^(Wj). The
elements of ^p(Pfi) permute among themselves the components Aa of a
given rank and also the components Da of a given rank. Let mi be the
number of parts of A equal to i, and n{ be the number of parts of /x equal
to *. We have \Jr

w{W1)IW1\ = \W2\.\Autw{A1)\. The subsystem O2

orthogonal to Ox has type Bmi xA1xA1x...xA1 with ra2 components Av

Thus | W21 = 2mim1! 21"2. Now AutPF(A1) contains permutations of iso-
morphic components and also the non-trivial symmetries of Aa, where
a ^ 2, and Da, with a ^ 2 (although not the symmetries of order 3 in D4).
We have

Au V ( Ax) - Smi x (Z21 SmJ x (Z2 i S J x . . . x (Z21 SJ x (Z2 x SJ x ....

The situation is then similar to the above case of type Dl and we obtain
the following result.



CENTRALIZERS OF SEMISIMPLE ELEMENTS 13

PROPOSITION 11. Let G be a group of type Bt over an algebraically closed
field of characteristic p ^ 2. Let Gx be a reductive subgroup of maximal rank
in G determined by a triple (A, ft, v), where A, /J. are partitions, v is a non-
negative integer, and |A| + |/x| + v = Z. Let mi be the number of parts of A
equal to i, and let n{ be the number of parts of \i equal to i (nx = 0). Then

AuV(Ax) ~ Sm2 x (Z2 x Sm3) x (Z2 i 8mt) x ... x (Z2 i SJ x (Z2 x SJ x ....

Let Gx° be a a-stable reductive subgroup of G obtained by twisting Gx by an
element w e W defined by irffig-1) = w. Suppose w maps to T e AutTF(A1).
Suppose r gives rise to a pair of partitions £(i),r?(i) with \£li)\ + \-qli)\ = mi

and a pair of partitions £(i), u>li) with | £(i) | +1 u){i) | = nt such that the parts of
these partitions give the lengths of the positive and negative cycles in the
components of T. Then the simple components of the semisimple group {M0)^
are of type A^q^Mi-iiq^.D^q^^D^q2^)^^) with one com-
ponent for each part of each £li), -q{i), £(i), co(i).

The order of the torus {Sa)a is given by \ {S°)a \ = Ui/qv<>1 ~ x) Hutf™' +1)-

Type Bt in characteristic 2
Suppose G has type Bt and K has characteristic 2. Then G is isomorphic

as an abstract group to a group of type 0, over K. I t will therefore be
sufficient to consider the reductive subgroups of a group of type Bt in this
case. The root system 0 of G has form

O = {±^±e*> ±ei' * # J> hj e {1,2,...,!}}.

Since K has characteristic 2 we must consider all subsystems <DX of O, not
merely those which are additively closed, since all such subsystems give
rise to reductive subgroups Gx = (T,Xr: r e Ox> of G. The subsystems
Ox are obtained as follows. Let A,[x,v be partitions with |A| + |/x| + |v| = I,
where no part of /x is equal to 1. Let A = (A^Aa,...), /x = (/Xj,^,...),
v = (vvv2,...), and let Ilf I2,..., Jlt J& ...,Klf K2,... be disjoint subsets of
{1,2, ...,Z} with | 4 | = Aa, | Ja | = /xa, \Ka\ = va. Let ^ be denned by

$ ! is a subsystem of type AXl_x x Ax%_x x ... x D^ x D^ x ... x Bn x BVi x ....
Moreover, any subsystem of O is equivalent to some such Ox under W.
We have

| Wx\ = Ax! A2!... 2*"V

The elements of ^^ (^ i ) permute among themselves the components Aa

of a given rank in O, also the components Da of a given rank and the
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components Ba of a given rank. Let mi be the number of <x with Aa = i, n4

be the number of a with /xa = i, and pt be the number of a with va = i.
The subsystem O2 orthogonal to Ox has type BmxA1xA1x...xA1 with
m2 components Av thus | TT̂  | = 2mim1! 2ma. Consider the group AutPF(A1).
This contains permutations of isomorphic components and also the non-
trivial symmetries of Aa) with a ^ 2, and of Da, with a ^ 2 (but not the
symmetries of order 3 in D4). We have

AutFF(A1) ~ Smix (Z2 x 8m3) x {Z2 x Smi) x ... x {Z2 x SJ x (Z2 x Sn3) x ...

xSPlxSPix....
We then obtain the following result.

PROPOSITION 12. Let G be a group of type Bt over an algebraically closed
field of characteristic 2. Let Gx be a reductive subgroup of maximal rank in
G determined by a triple of partitions A,/x, i> with |A| + |/u| + |v| = Z. Let
mi> ni>Vioe the number of parts ofX, /x, v respectively equal to i (nx = 0). Then

AuV( Ax) S Sm x (Z2 x Sm3) x (Z2 x Smi) x...x(Z2x SJ x (Z2 x SJ x ...

Let Gx
9 be a a-stable reductive subgroup of G obtained by twisting Gx by an

element w G W defined by v^g'1) = w. Suppose w maps to r e AutPF(A1).
Suppose T gives rise to pairs of partitions £{i),r)li) with | £(i) | +1V** I = mi>
pairs of partitions t,li),u>H) with \ £(i) | + \ o>(i) | = ni} and partitions y(i) with
| yti) | = p i such that the parts of these partitions give the lengths of the positive
and negative cycles in the components of r. Then the simple components of the
semisimple group (M0)^ are of type A^-^q^f), ^ i - i ^ 2 ' 1 " ' ) , J
2Di(q

2a)l<)i), B^qv^i), with one component for each part of each £(i), r){i), I

The order of the torus (S0)^ is given by

4. Criteria for being a connected centralizer
We now consider the following question: given a reductive subgroup Gx

of maximal rank in G and a twisting element w e ^p(Wi), when is a
corresponding subgroup {G^)a of Ga (determined to within conjugacy in
Ga by § 2) the connected centralizer of a semisimple element of Ga for values
of q sufficiently large ? For this to be true it is clearly necessary (though not
in general sufficient) that Gx should be the connected centralizer of some
semisimple element of G.

We shall answer this question when G is a group of classical type
Ah Bu Clf Dlf and the answer will in general depend upon the isogeny type
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of G. We begin by giving a summary of results, which will be justified in
the subsequent sections of the paper. These results are given in two tables.
Table 1 gives the condition for a connected reductive subgroup Gx of
maximal rank in 0 to be the connected centralizer of some semisimple
element of G. (We assume p ^ 2.)

TABLE 1

Condition for Q^ to be the connected
Type of 0 centralizer of a semisimple element

A i None
C, Ox has at most two components of type G
Bt Ox has at most one component of type D
Dt Ox has at most two components of type D

Table 2 gives the additional condition (i.e. in addition to the necessary
condition given in Table 1) for the finite group {G^)^ to be the connected
centralizer of a semisimple element in Ga when q is sufficiently large. This
additional condition will depend on the isogeny class of G and on the
twisting element w e W given by ^(

TABLE 2

Type of 0 Isogeny class of Q Additional condition for {Qj)a

A i All None
Ci Adjoint None
Ct Simply-connected If there are two components of type G these

cannot be interchanged by w
Bl Adjoint None
2?, Simply-connected If there is a component of type D then (Gt

1")a is
not a critical subgroup of 0o

Dt Adjoint None
D{ SO2i If there are two components of type D these

cannot be interchanged by w
D, Half-spin group If there are two components of type D which are

not interchanged by w then (Oi°)a is not a
critical subgroup of Oa of the first kind. If
there are two components of type D which are
interchanged by w then (Gf

1")(, is not a critical
subgroup of 0o of the second kind

Dt Simply-connected If there are two components of type D, these
cannot be interchanged by w and {G^)o is not
a critical subgroup of Go

In Table 2 a critical subgroup (Gj0)^ of Ga is defined as follows,
(a) If G is a simply-connected group of type Bx the critical subgroups of

Gg. have form {G^)^ where
(i) Gx has type ^Ai-ix^Aa-ix ••• x ^ x 5 , with Ax + A2 +. . . + /u, + v = I,

fj. j£ 0, Xlt A2,... all even, and
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(ii) (G^g. has an untwisted component D^q) if \{q- 1)JU is odd, and a
twisted component 2Z>A(g2) if \{q—^)^ is even.

(b) If G is a simply-connected group of type JD\ the critical subgroups of
Ga have form (G^)^ where

(i) Gx has type AXl_x x AAr.1 x ... x D^ x Dm with

/Mj T^ 0, /x2 7̂  0, Aj_, A2,. . . all even, a n d

(ii) {G^)a has an untwisted component D^q) if \{q-1)/*4 is odd, and a
twisted component ^^(q2) if £(#— 1)/^ is even, for * = 1,2.

(c) If G is a half-spin group of type Dx the critical subgroups of Ga of
the first kind have form {G^)^ where

(i) O1 has type AKl_x x AXr.r x.^xD^xD^ with

ixr ̂  0, fx2 # 0, Als A2,... all even, and
(ii) {G^)a has an untwisted component D^q) if $(q — l)pi is odd, and a

twisted component ^^(q2) if %(q— 1)/^ is even, for i = 1,2.
(d) If # is a half-spin group of type Dt the critical subgroups of Ga of

the second kind have form (G-£)a where
(i) Gx has type AXl^x AXa_xx ... xD^xD^ with X1 + X2 +... + fi + ̂  = I,

fx # 0, Xlt A2,... all even, and
(ii) (G^)^ has a component D^q2); and M = vmod2 if ${q— l)/x is odd

and M ^ v mod 2 if \{q — l)/u, is even.
Here .M, v are defined as follows. M is the number of simple components of
form -4Ar.1(<Ze) or 2AXi_x{q2e), where Â  = 2 mod 4 and e is odd. v is 0 if w
induces the positive graph automorphism on D^ + D^ and 1 if w induces
the negative graph automorphism. (For the definitions of the positive and
negative graph automorphism, see Proposition 18.)

Finally, we explain the situation when K has characteristic 2 by giving
the versions of Tables 1 and 2 which are valid in this case.

TABLE 1 (characteristic 2)

Condition for Ol to be the connected
Type of O centralizer of a semisimple element

Ax, Bx, Ci, £)j Gx is the reductive part of some parabolic
subgroup of O

TABLE 2 (characteristic 2)

Type of O Isogeny class of 0 Additional condition for (G^),,

AuBuCuDi All None
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5. Groups of type Ct

In §§ 5, 6, and 7 we shall justify the statements made in Tables 1 and 2
of §4. Throughout these sections Gx will be a connected reductive sub-
group of maximal rank in G, Wx will be the Weyl group of Gx, w will be an
element of ^y{Wx), and Gx

9 will be a a-stable subgroup of G obtained by
twisting Gx by the element w, where Tr^gr1) = w. T will be a a-stable
maximal torus of Gx, so also of G, and X will be the character group of T.
Px will be the subgroup of X generated by <DX and PJP\ will be the torsion
subgroup of X/Px. <f>x is denned by <&x = <!>nPx.

The results from [5] which we shall use are as follows.

[5, Proposition 11] Gx is the connected centralizer of some semisimple
element of G if and only if PJPX ^ias a regular character of order prime to p
(a regular character being one which does not annihilate Px + r for any root
r e <J>X-Q>X).

[5, Propositions 17, 19] (G^)^ is the connected centralizer of a semisimple
element of Ga for q sufficiently large if and only if the group

has a character which does not annihilate any root in Q>x — ®x.

If G is of type Ah then (G!
1
fir)0. is always the connected centralizer of a

semisimple element of Ga for q sufficiently large, since Gx is a Levi sub-
group of a parabolic subgroup of G and so Ot — <S>X is empty.

We now consider the situation when G has type C, and when K has
characteristic p # 2. Let Q> = {±ei±ej, ± 2ei: i # j , i,j e {1,2,...,I}} be
the root system of G, and let Gx be the reductive subgroup with root
system Ox given by

-ejii^jyij ela}\j{±ei±ej, ±2e<: i # j , i,j e JJ,

as in §3. Here | / J = Aa, |«/a| = /xa, and A = (A1}A2,...), p = (fix,[x2,...)
satisfy | A | +1 /u | = I. <DX is a root system of type

^ A i - l X -^Aa-l X • • • X £/*i X ®H2 X

We use the result of [5, Proposition 11]. Since Px/Px is the torsion
subgroup of X/Px we have Px/Px = Z2®Z2® ... ©Z2 with one component
Z2 for each part of /x. If n has at least three parts, let ex, e2, e3 be images in
Px/Px of elements ev e2, e 3 e l i n the components of type C corresponding
to three parts of /x. Let if/ be any character of P-JP^- Then t/j(ex — e2) = ± 1,
0(e2 —e3) = ± 1, *p(ex — c3) = ± 1. Moreover, if

tf/(ex-e2)= -1 and «A(e2-e3) = - 1 ,
5388.3.42 B
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then \js{ex — e3) = 1. Thus each character of PJPX annihilates some element
of Oj —Ox. Thus Pi/Pi has no regular character in this case.

If /x has less than two parts then Ox = Oj. If /x has exactly two parts
then Oj —Ox consists of a single non-zero element of Pi/Pv Thus there is
some character of P-JP-i which does not annihilate it. Thus if fx has less
than three parts P-JP-i has a regular character. This justifies the entry in
Table 1 for type CJ.

In considering the corresponding problem for {Gx°)a we can thus restrict
attention to the case when \i has at most two parts. If JU, has less than two
parts we have Q>x = Ox and Gx is a Levi subgroup of a parabolic subgroup
of G. The situation is clear in this case by [5, Theorem 21]. We may
therefore assume that /x has exactly two parts. The result may depend
upon the isogeny type of G, and we therefore consider separately the cases
when G is simply-connected and adjoint.

The simply-connected case
Suppose G is simply-connected. Then the group X of rational characters

of a maximal torus T of G is generated by the fundamental weights
<7i> <?2> • • • > ?i> which are defined by

where II = {px,p2, ...,pj\i& the set of fundamental roots. In the present
context, since ex,e2, ...,e, form an orthonormal system, we may take

px = ex-e2, p2 = e2-es, ..., Pi-i = et_i~eu pl = 2el,

and we then have

<7i = ei> 9f2 = e i + e2> •••> Qi-i = ei + e2 + • • • + ei-i> qx = ex + e2 + ...+ev

Hence X = {Si=i a^i '• at e Z}. Now we must consider the quotient
F = X/Px + {qw- l)X according to [5, Proposition 17]. We have

r ^ X/Px

= (Px + {qw-l)X)/Px'

and we first consider X/Px. Let ê  -> ê  under the natural homomorphism
X -> X/Px. Then ê  = ê  when i, j e /a, and ct = ep 2et = 0 when i, j e Ja.
Thus X/Px is generated by elements eiy one for each /a, and by elements
fy satisfying 2ê  = 0, one for each «7a. Since /x has exactly two parts we have
two elements e~h, e~h of the latter type and so

with one component Z for each part of A.
Let w E ^^(W'i) and let w map to T 6 AutT^(A1). By Proposition 9,

^ Smax{Z2x Sm3)x{Z2x Smt)x ...xSnixSn2x ..., and T gives



CENTRALIZERS OF SEMISIMPLE ELEMENTS 19

rise to pairs of partitions £{i),rj{i) with |£W)| + h(<)l = mt and partitions
t,(i) with | £(i) | = n^ The parts of these partitions correspond to the
positive or negative cycles induced by w on the components of a given
type.

In order to pass from X/P1 to F we impose additional relations
(qw—l)x = 0 for all x e X. If w(ei) = ±e$ we have ei= ±qeJ in F.
Suppose e$ is one of the generators of X/Px of infinite order which lies in
a positive cycle of length k under w. Then we have qHi = e€ in F. If et

lies in a negative cycle of length k we have q^ = — ̂  in F. Since q is odd
we do not obtain additional relations on the generators e^, ei% of order 2
by passing from X/P1 to F, except that we shall have eix = eh in F if the
two components of type C are interchanged by w. Thus each positive
cycle of length k on components of type A contributes a factor Zgk_x to F
and each negative cycle of length k on components of type A contributes
a factor Zgt+1 to F. Moreover, F has one or two factors Z2 depending upon

whether w interchanges the two components of type C or not. Thus F is
a direct product of cyclic groups of order q£li)i — 1 for all ${i)j, qv{l>i + 1 for all
7)li)p and either one or two copies of Z2.

Now we must consider the images in F of the roots in <!>! — <bv Ox is a
root system of type -4AI-Ix-^A2-ix ••• x^>i+^a an(* ̂ I — ̂ I consists of
roots ±ei±ep where i e Ja, j e Jfi, and a # ^. The required condition, by
[5, Corollary 20], is that there is a character of F which does not annihilate
the image in F of any element of O-^ — O^ This certainly means that
Ja, Jp, with a # j8, cannot be in the same w-orbit. For otherwise, taking
5x G «4> H G Jfit w e would have ± eh ± eiz = 0 in F. Thus all roots in Ox — Ox

would map to zero in F.
Suppose, on the other hand, that w leaves invariant each of the two

components of type C in Ox. Then the image of <t>x — Ox in F is eh + ej%,
where jx e Ja, j2 e Jp. Thus the image of Ox — Ox in F is eh + eja, where
3i e J<x> H e Jfi- Thus the image of Oj — Ox in F consists of a single element
of F of order 2. It is certainly possible to find a character of F which does
not annihilate this element. This justifies the entry in Table 2 for simply-
connected groups of type C,.

The adjoint case
Now suppose G is an adjoint group of type 0,. Then the group X of

rational characters of the maximal torus T is generated by the root system
<D. Thus X = {2i=i aiei '• ai G >̂ 2Ui a * *s even}. As before, we have
ê  — ej = 0 in X/Px when i, j e Ia, and ei — ei = 0, 2et = 0 when i, j e Ja.
Thus X/Px is the set of elements 2 a^ with one ê  for each component of
Ox such that 2 ai is even and ai 6 {0,1} if e4 corresponds to a component of
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type C. The torsion subgroup PJPX of X/Px is the set of 2 && such that
each et corresponds to a component of type C and 2 fy is even. Now we
are assuming that there are exactly two components of type C—suppose
they give rise to elements eilteia of X/Pv Thus the torsion subgroup
PJPX is generated by e~h + eJ2.

We consider the additional relations needed to pass from X/Px to its
quotient group F. These relations have the form (qw—l)x = 0 for all
x E X. Detailed calculation in the group F shows:

LEMMA 13. Suppose ^t has exactly two components of type C which are
interchanged by w. Then F is isomorphic to the abelian group with generators
cit di (one pair for each w-orbit of type A), and et — ê  (one term for each pair
of distinct w-orbits), subject to the following relations:

(i) when k = £(i)^,

(0 if k is even,

ct if k is odd;

(ii) when k = y]{i)
it

!

0 if k is even,

ct if k is odd;
(iii) ci = ci for all pairs of w-orbits;
(iv) 2c4 = 0 for all orbits;
(v) ( ^ - e ^ + ^ - e j t ) = (e<-efc);

(vi) 2(64 — 6]) = e^ — Ejdp for certain integers ei, et = ± 1 .

We write c = c{ for all i.
Now the image of Ox — Ox in Y consists of the single element e~h + eh,

which is identified with the element c. We must therefore decide whether
or not c = 0 in F. The following lemma simplifies the discussion.

LEMMA 14. We have c = OinT if and only ifct — O in some two generator
subgroup <ci,di> subject to the relations (i) or (ii) respectively of Lemma 13
and also subject to the relation 2ct = 0.

Proof. Consider the subgroup Fo of F generated by elements ciy dt (one
pair for each w-orbit of type ^4). Fo is generated by two-generator sub-
groups (c^di)* a n d Lemma 13 shows that the only relations in Fo in-
volving generators from distinct subgroups (c^,^) are those identifying
c{ in the different two-generator subgroups. Fo is therefore isomorphic to
the direct product of the two-generator subgroups with ct amalgamated.
Hence ĉ  = 0 in Fo if and only if ct = 0 in some two-generator subgroup
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We now observe that in the two-generator groups (c^ <̂ >, with relations
(i) or (ii) holding together with 2ĉ  = 0, we have in all cases ci ^ 0. It
follows from Lemma 14 that c j* 0 in Y.

This completes the discussion of the adjoint group and we have justified
the entry in Table 2 for this group.

We note that the simple components of {G^)^ can be of type Ai_x^

6. Groups of type 2?,
Suppose G is a group of type Bt over an algebraically closed field K of

characteristic p # 2. Let 0 = { ± ei ± ejt ± et: i # j , i, j e {1,2,..., I}} be
the root system of G and let Gx be a reductive subgroup with root system
<f>x given by

\J{±ei±ep ±ei: »#j» ••JG-ff},

where {1,2,..., 1} is the disjoint union of subsets IX,I2, •••»«̂ »«̂ 2» •••> ̂  a s ^n

§3. Here |JJ = Aa,| Ja | = fjLa,\K\ = v, and A = (Al9A2, ...),/x = (/xj,^,...),
and v satisfy | A | -I-1 /x | -f- v = Z. Ox is a root system of type

^ A I - I X ^ A , 1x.. .xZ>/ t lxD//ax.. .xJBp.

We use the result of [5, Proposition 11]. The torsion subgroup
Pi/Pi of X/Px satisfies PJPX = Z2®Z2©... with one component for each
part of fi. The roots in Ox — <X>! have the form ±et±e;-, where i,j lie in
distinct sets Jv J2, ...,K, and also ± ei where i lies in a component of type
J. Thus the images of Ox — Ox in X/Px are the elements ê  corresponding
to components Ja and the elements ê  — ê  corresponding to pairs of distinct
components Ja,Jp. For each character </r of Pj/Pi we have 0(ei) = ±1 . If
0(^i) =: ~ ^ an(^ 0(^) = —1» then tpfa — ej) = 1. Thus if there are two
distinct components of type J, then P-JP\ has no regular character. If
there is just one component Ja the image of Oj — Ox in P-JP^ contains a
single element ê  and this element has order 2. Thus P^JP^ has a character
of order prime to p which does not annihilate this element. Finally, if there
is no component Ja we have Ox = Ox. This justifies the entry in Table 1.

We now turn to the finite group (G^)a. If /M has no parts then <X>X = Ox

and Gx is a Levi subgroup of a parabolic subgroup of G. Theorem 21 of
[5] then gives the required information. If /w. has more than one part we
have just seen that {Gx°)a cannot be the connected centralizer of a semi-
simple element. We shall therefore assume from now on that JU has exactly
one part, i.e. that Gx has just one component of type D. We must now
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distinguish between the different isogeny types for 0, since 0 can be either
adjoint or simply-connected.

The adjoint case

Suppose 0 is of adjoint type. Then the group X of rational characters
of a maximal torus T is generated by the fundamental roots. In the
present context the fundamental roots px,p2> "-,Pi and fundamental
weights qx,q2, ...,qt are given by

px = ex-e2, p2 = e2-e3i ..., pt_x = e^-e^ Pi = eu

Hence X = {2S=iaA: ai e %}• Let ei ""* h ^ e t n e n a t u r a l homomorphism
X -> X/Pp Then e< = et when i, j e Za, and ^ = ê , 2et = 0 when i, j e Ja.
Also ef = 0 if i e K. Hence X/P1 is generated by elements ei} one for each
Ja> and by elements ê  satisfying 2e;- = 0, one for each Ja. We are assuming
that there is only one Ja. Hence X/Px ^ Z@Z®... ©Z2, with one com-
ponent Z for each part of A.

Let w e >#wW\) a n d 1^ w map to r e AutFF(A1). By Proposition 11 we
have

Autw-(Ax) S 5fmj x (Z, i Sms) x (Z, 1 Smi) x ... x Z2,

where mi is the number of parts of A equal to i. Suppose T gives rise to a
pair of partitions | ( i ) ,^ ( i ) with | |<f ) | + h( i ) l = m*> where the parts of the
partitions give the lengths of the positive and negative cycles on the
components of type A{_v

In order to pass from X/Px to F we impose additional relations
(qw — l)x = 0 for all x e X. If w{ei) = ± fy we have e{ = ± qlj in F. If e{

is one of the generators of type A which lies in a positive cycle of length
k under w then we have g*^ = et in F. If e€ lies in a negative cycle of
length k we have q^ = — e4 in F. Thus F is generated by elements eit

one for each w-orbit of type A, and by an element ê  subject to relations

(qk — l)et = 0 for positive fc-cycles,

{qk+ l)et = 0 for negative ^-cycles,

2et = 0.

Thus F is a direct product of cyclic groups of order q&{t)* — 1 for all
£li}i»<P<t}'+l for all T){i)

p and one copy of Zz. The image of ^ x —Ox in F is
given by the single element ei} and this element is non-zero in F. Thus
there is a character of F which does not annihilate it. This justifies the
entry in Table 2 for adjoint groups of type Bv
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The simply-connected case
Suppose 0 is a simply-connected group of type Bv Then X is generated

by the fundamental weights qvqz, ...,#,. Since we have

it follows that X is generated by e1,e2,...,el,qt. Moreover, X/P1 is
generated by elements eit one for each Ja> by an element ê  satisfying
2ê  = 0, and qt.

Let w G "^{Wi) and let w map to T G AutPF(A1). By Proposition 11 we
have

AuV(Ax) S £ma x (Z, i Sms) x (Za x Smt) x ... x Zt.
Suppose T gives rise to a pair of partitions £{i), rj{i) with | £{i) \ + \ 7){i) | = mit

where the parts of the partitions give the lengths of the positive and nega-
tive cycles on the components of type At_v In order to pass from X/Px

to F we impose additional relations (qw— l)x = 0 for all x e X, and it is
convenient to distinguish between two cases depending on whether w
induces the trivial or the non-trivial automorphism on the single com-
ponent Dp of type D.

Case 1. Suppose w induces the trivial graph automorphism on D^.
Then Y is generated by elements et corresponding to the w-orbits on the
components of type A, by ê  coming from the component D^, and by qv

Also 2<7, = XLi ei- If /* is ©v©n> 2g, is a linear combination of the e4 of type
A, whereas if fi is odd, 2g, = (ê  + a linear combination of e< of type .4).
We obtain a complete set of relations by taking (qw — 1)^ = 0, (qw — l)qt = 0,
since (qw— l)e^ = 0 is a consequence of 2ê  = 0.

The image of <DX — Ox in Y consists of the single element ê . We must
therefore decide whether the relations imply ê  = 0. I t is clear from the
above system of relations that the only relation which could possibly
imply e.j = 0 is (qw—l)qt = 0. Now &(%) — % is a linear combination of
e/s and does not involve eit since w induces the trivial graph automorphism
on Dp Thus the relation (qw— l)qt = 0 has the form

(q-l)qi = linear combination of e/s,

or, alternatively,

\(q— 1) (2gj) = linear combination of e/s.

If fx is even, 2g, is a linear combination of e/s and does not involve fy.
Thus in this case the relation (qw— l)qt = 0 does not involve et. In the
quotient group of Y obtained by imposing the additional relations e< = 0
we thus have ê  # 0. Thus if \i is even we have et^ 0 in Y.

Suppose fi is odd. Then

2qt = if + a linear combination of e4's.
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If q = 1 mod 4 the relation

%(q — l) (2g,) = linear combination of e/s

does not involve et since |(<? — 1) *s e v e n a n ^ 2fy = 0. Thus if fx is odd and
q = 1 mod 4 we have e;- ^ 0 in F.

Thus we may concentrate on the remaining case when fx is odd and
q = — 1 mod 4. Here it is more difficult to decide whether ^ = 0 in F.
The relation {qw— l)qt = 0 has the form

ij = a linear combination of e/s,

and we must decide whether the right-hand side is zero. F is generated
by elements ei} one for each w-orbit of type A, by eit and by qu subject to
relations

The relations (<?w>— 1)^ = 0 imply that (qk— l)ef = 0 if ef is associated
with a positive cycle of length k, and (qk+ l)e{ = 0 if e< is associated with
a negative &-cycle. The eifect of the relation {qw— l)qt = 0 can best be
seen by replacing qx by another generator whose definition depends on w.
Suppose we express w a s a product of positive and negative cycles on the
elements elJe2> ••-,ej. Let {eive2eia, e3ei3, ...,ereir) be a typical cycle, where
w(ereir) = ± eiv Let x G X be defined by

cycles

with one summand for each cycle. (Note that the definition of x depends
upon the choice of a first element eix in each cycle.) X is generated by
eX) e2,..., et and x. We shall replace qt by x as the final generator in F. Now
we have

for a positive cycle,
reir)) = {

for a negative cycle.

Thus w{x) = x — 2 eit with one summand e{l for each negative cycle. Thus
in X/Px we have

{qw -l)x = {q-\)x-qjl eh,
summed over negative cycles in X.

We consider next how the cycle {etl, e2ela,..., ereir) of w on the elements
± ei gives rise to a cycle of w on the components of a given type in <bx.
Suppose the et in the cycle correspond to components in Ox of type AXt_v

Let k be the least positive integer such that et corresponds to the same
component in Ox as eix. Then k divides r. Let r = ks. Then in X/PXi we
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see that w induces a corresponding cycle {eiv e2eia, -•->
ekh1) of length k on

the components of type AXt_v There will in general be several cycles
(eii>e2ei8»---»ereir) giving ris© to a single cycle (e<l,eae<i,...,c&ei4) in X/Px.
The number of such cycles of w in X mapping to a given cycle in X/Px

is \/s. We distinguish between three possibilities. If ek+1 = 1 we have a
positive r-cycle in X which induces a positive fc-cycle in X/Pv If
ek+1 = — 1 and s is even we have a positive r-cycle in X which induces a
negative &-cycle in X/Pv If ek+1 = — 1 and 5 is odd we have a negative
r-cycle in X which induces a negative ifc-cycle in X/Px.

Now each r-cycle (e^,e2eia, ...,erelf) of w in X contributes

toward the element x. I t therefore contributes ^(e^ + e2eia +. . . +ereir)
toward x e X/PV We consider the nature of this element in the three
cases above. If we have a positive r-cycle in X inducing a positive &-cycle
in X/Px then

£(e<i + eae<1+... +ereir) = £*(e<1 + eae<9+... + 1^) .

If we have a positive r-cycle in X inducing a negative &-cycle in X/Px then

If we have a negative r-cycle in X then

Wh + Wh +...+ ereir) = \{eix + ezeh +...+ ekeik).

We now take together the contributions to x from all r-cycles in X in-
ducing a given fc-cycle in X/Pv Since there are A /̂s such r-cycles we have
a contribution to x given by

i ^ ^

where
for a positive r-cycle inducing a positive fc-cycle,

0 for a positive r-cycle inducing a negative fc-cycle,

/s for a negative r-cycle.

Moreover, the contribution to x from the component Z^ is \eit since p is
odd. Thus we have

x = 2 £«(«<! + e2Cfa + • • • + Wik) + ¥j

summed over the w-orbits on components of type A in <J>X. I t follows that

(qw — 1 )x = (q — 1 )x — q 2 fy (summed over negative cycles in X)

the latter sum being taken over all negative cycles of type A in X, since
w induces the trivial graph automorphism on D^ and therefore has an
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even number of negative cycles on the ei in D^. Since q = — 1 mod 4 we
have

(qw- l)x = 1 i 4 ^ %

the latter sum being taken over all negative cycles of type A in X/Pv

since each negative cycle in X/P1 comes from \/s negative cycles in X.
Thus the relation (qw— l)x = 0 in F implies that in F we have

e* = S ite - 1 )«(etl+H% + • • • + e/A*) - 3 S (Vs) V
the latter sum being taken over all negative cycles of type A in X/Pv

But we also have efl = ge2eia = g2e3ei3 = ... in F. Hence, for the positive
fc-cycles, we obtain

i te - 1 )«(«<!+Wh +•••+wik) = £\tefc - 1 )eh,

and, for the negative ^-cycles induced by negative r-cycles, we have

\(q -1 )<x(ek + e2ei2 + . . . + ekeh) -

= ife -

Hence the relation (̂ t«— l)x = 0 in F is equivalent to

where the first sum extends over all positive ^-cycles on X/Px and the
second over all negative fc-cycles on X/Px induced by negative r-cycles on
X. Thus F is generated by elements ei} one from each,w>-orbit on com-
ponents of type A, by ĉ  and by x subject to the following relations:

(qk—l)et = 0 if et is in a positive fc-cycle;

(qk+1)^=0 if e( is in a negative &-cycle;

2x is a linear combination of ê  and e '̂s;

It follows that ej = 0 in F if and only if Xt is even for each positive cycle
on X/Py and \/s is even for each negative cycle on X/Px induced by a
negative cycle on X. The condition on negative cycles may be stated
alternatively as follows. For each negative cycle on X/Px we have A /̂s
even whenever s is odd. This is equivalent to asserting that \ is even for
all negative cycles of w on X/Pv Thus ê  = 0 in F if and only if all com-
ponents AX(_1 of Ox have A< even.
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Thus, if w induces the trivial graph automorphism on Dp then (0^ is
the connected centralizer of a semisimple element unless n is odd,
q = — 1 mod 4, and all Â  are even.

Case 2. Suppose w induces the non-trivial graph automorphism on D^.
This is equivalent to the condition that w has an odd number of negative
cycles on the elements fy appearing in D^. Y is generated by elements e<
corresponding to w-orbits of type A, by ê  coming from the components
Dp and by qv Also we have 2g, = ( E C A ) anc* 2fy = °- We have relations
(qw — lfa = 0 and (qw— l)<fc = 0; and (qw — 1)^ = 0 is a consequence of
2et = 0. Again we must decide whether et = 0 in P. The only relation
which could imply this is (qw—l)qx = 0. Now qx = |(e1 + e2+... + ej) and
so we have

w(qt) — qx = ij + a linear combination of e/s,

since w changes an odd number of signs for e/s belonging to D^. Hence

(qw -1)<& = et + \(q -1) (2g,) + a linear combination of e/s.

Suppose fi is odd. Then 2qt = et + a linear combination of e/s. Suppose in
addition that q == — 1 mod 4. Then \(q — 1) (2^) = et + a Unear combination
of e/s. Hence in this case (qw— \)qx = 0 does not imply ê  = 0. Thus
ij # 0 in T.

We shall therefore assume that either /x is even or /x is odd and
q = 1 mod4. The relations (gt«— l)ef = 0 imply that (<ffc— l)e4 = 0 if e€ is
associated with a positive fc-cycle and (qk+l)e{ = 0 if et is associated with
a negative fc-cycle. We shall again replace the remaining generator qx by
the element x whose definition depends on w. As before we express w as a
product of positive and negative cycles on the elements ev e2,.. •, et. Let
fe £2e<2>

e3e<8. •••»er
eif)

 b e a typical cycle, where w(ereir) = ±etl. Then we
define x by

z = £ S (e<x + £2e<2 + . . . + ere<r),
cycles

with one summand for each cycle. We calculate x as before and obtain

£ = 2 £«(«<! + e2^a + • • • + efcej,) + a multiple of eJf

summed over w-orbits of type AXt_lt where a is given by

for a positive r-cycle inducing a positive fc-cycle,

0 for a positive r-cycle inducing a negative A;-cycle,

s for a negative r-cycle.

Consider the element (qw—\)x. The contribution of ê  to (qw— l)x is
%r(q— l)e^ from each positive r-cycle on the e/a in D^ and (\r(q— 1) — q)e.j
from each negative r-cycle. Since there are an odd number of negative

a =
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cycles on the e/s in D^ the contribution of fy to (qw — l)x is

since 2et — 0 and \\i(q — 1) is even. The remaining contributions to (qw —l)x
are as before and we have

(qw-l)x =

where the sums extend respectively over the positive ^-cycles on X/Px

and the negative fc-cycles on X/Px induced by negative r-cycles on X.
(Here r = ks.) Thus the relation {qw— \)x = 0 is equivalent to

Hence ^ = 0 if and only if Ai is even for all positive cycles on X/Px and
\/s is even for all negative cycles on X/Px induced from negative cycles
on X. As before, this is equivalent to the assertion that all Ai are even.
Thus if/x is even, or if ^ is odd and q = 1 mod 4, then (Gx

9)a *
s *n e connected

centralizer of a semisimple element unless all components AXi_x have Â
even. (We observe that the condition that A$ should be even includes the
fact that A has no part equal to 1. This is equivalent to the condition that
A2 + A3+...+/-t + v = Z and is a non-trivial assertion about Ox.)

We have therefore justified the entry in Table 2 for simply-connected
groups of type Bv

Groups of type Bl in characteristic 2
We conclude this section with a discussion of the case when 0 is a group

of type J?j over an algebraically closed field K of characteristic 2. (Then
0 is abstractly isomorphic to a group of type (7, over K). Let Ox be a
reductive subgroup of G. By Proposition 12 the root system <frx of Gx has
form

U { ± ei ± eJ> ± e<: * ?* h *>j

where Ix, I2,..., Jx, J2,..., Elt K2)..., are disjoint subsets of (1, 2,..., 1} whose
union is {1,2, ...,l}. Let | / a | = Aa, \Ja\ = /xa, \Ka\ = va, and let

A = (Ai.Aa,...), ii = (/^,/Xa,...), v = (v1>va,...).

Then A, /x, v are partitions such that | A | +1 /x | +1 v \ = I. Ox is a subsystem
of type

^ - i x ^ - i x - x DH* D** ... xB^xf i^x ....

Since K has characteristic 2 we may assume G is adjoint. Then we have

px = ex-eii p2 = e%-ez, ..., px_x = el_l-eh pt~ e,.
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Also we have X = {2i=ia*ei: ate Z). X/Px is generated by elements eit

one for each Ja, and by elements ^ satisfying 2ê  = 0, one for each Ja.
Hence X/Px ^ Z®Z® ...®Z2®Z2® ..., with one component Z for each
part of A and one component Z2 for each part of fi. The torsion subgroup
Px/Px of X/Px is isomorphic to Z2®Z2®... with one component for each
part of ix. It is therefore an elementary abelian 2-group and its only
character of order prime to 2 is the unit character. This fails to be regular
unless Q>x = <t>v This justifies the entries in Tables 1 and 2 for groups of
type Bx in characteristic 2.

7. Groups of type Dl

Suppose 0 is a group of type D, over an algebraically closed field K.
Let O = { ± et ± ej: i, j e {1,2,..., 1}} be the root system of 0, and let Gx be
a reductive subgroup with root system Ox given by

$1 = U{H-tj'- * ±h **j e 4 } U{±e<±e>: * # h *J e Ja}»
a a

where d,/2> •••>«̂ i»«̂ 2> ••• a r e disjoint subsets of {1,2, ...,Z} whose union is
{1,2, ...,Z}. Let | / a | = Aa, | J a | = /xa, and A = (A^AJJ, . . . ) , fx. = (filtfx2,...).
Then |A| + |/u,| = I. <!>! is a root system of type

^A1-iX^Aa-iX---x^xxZUx---

The roots in Ox — Ox have form ±ei±ej where i,j are in distinct com-
ponents Ja, J3. Their images in Px/Px have form et — e^ Let tp be a character
of PL/PX- Then ^(e^ —ê ) = ±1 . If there are at least three components of
type D, giving rise to ei}epek in X/P1} we have ^{fii — ^j)= ± 1,
(̂e^ —efc) = ± 1, ifjfa — e/c) = ± 1 . So ̂  annihilates some element of Ox — Ox.

If there is at most one component of type D we have Oj = O^ If there
are exactly two components of type D then ^x — Ox consists of a single
element e{ — ê  in PJP\. This element has order 2. There is a character \ji
of order 2 which does not annihilate it. Thus if p is odd Gx is a connected
centralizer, but if p = 2 it is not. This justifies the entry in Table 1 for
groups of type Dt.

Turning to the finite group (Cr1
flr)0., we see that if Gx has at most one

component of type D then Ox is a Levi subgroup of some parabolic sub-
group of 0 and so by [5, Theorem 21], (#/)„. is the connected centralizer
in Oa of some semisimple element when q is sufficiently large. If there are
at least three components of type D, or if K has characteristic 2 and there
are at least two components of type D, Table 1 shows that (£/)„. cannot
be the connected centralizer in Ga of a semisimple element. We shall
therefore assume subsequently that K has characteristic p # 2 and that
<&x has exactly two components of type D.
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We must now distinguish between the different isogeny types for G.
The fundamental roots plyp2, .••,p< and fundamental weights qvq2, ---Ai
may be taken as

= e1-e2 = e2-e3, t_x = e,_x-e,, pl = e,_

The different isogeny types to be considered are the following.
(i) X = {Di=i aiei '• ai G %}' I n *n^s c a s e $ ^ *n e special orthogonal

group SO«(Z).
(ii) X = {2Ui<Vi: a i e >̂ Si=iai even}. In this case G is the adjoint

group of type D, viz. G = 'PSO^K).
(iii) X is the group generated by e1}e2, ...,ej,g,. Here G is the simply-

connected group of type Dlf viz. the group Spin^ii).
(iv) If I is even there is a fourth possibility. Here X is the group

generated by Si=iaiet> where a { e 2 with Si=ia< even, and by gj. Here G
is the half-spin group.

Let Q be the group generated by q1,q2, •••,?{, and let P be the group
generated by P\,p2,-..,Pi- Then P<=-Q,|Q/P| = 4, and the subgroups
between P and Q are as follows:

Op

Zodd

In the case when I is even the two groups <P, g,_x) and (P, g,) are inter-
changed by the graph automorphism of G. Thus only one of the cases
X = <P, qt_xy and JT = <P, <fr> needs to be considered.

We make some general comments on the a-action before looking in
detail at the individual isogeny types. We have a = qcr0, where CT0 is an
isometry which has order 1 or 2. a0 acts on the components of Gv At
most two of these are assumed to have type D. Suppose a0 has order 2.
Then, at most one of these components has trivial a0-action and at most
one has non-trivial <r0-action.

(i) Suppose first that Gx has exactly one component of type D. The
action of T e AutFF(A1) on this can be either trivial or non-trivial. The
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action of o-0 can also be either trivial or non-trivial. Combining these
possibilities we see that there are four cases which can arise.

(ii) Suppose 0x has two components of type D not interchanged by T.
a0 acts on both of these and its action is trivial on one, say D^, and non-
trivial on the other Z>AJ. The r-action can be trivial or non-trivial on
DMl and D^. Thus there are again four cases which can arise.

(iii) Suppose Ox has two components of type D which are interchanged
by T. a0 acts trivially on one of these and non-trivially on the other, T2

can be either trivial or non-trivial, giving rise to two possible cases.
Consider the components of (Mg)a to which these various cases give

rise. We obtain one component for each orbit of <TOT on the components of
type D. For each a0T-orbit of length 1 we obtain Dt(q) if CTOT = 1 and
2Dt(q

2) if op- # 1. For each a0r-orbit of length 2 we obtain Dt(q
2) if

(ao<r)2 = 1 and 2D,(g4) if (<v)2 * 1-
We summarize the possible components of type D which can arise when

a0 has order 2 in the diagrams on p. 32.

The case where 0 = S
Suppose X = {£' =1 a^t: a{ e Z}. Then X/Px is generated by elements

eit one for each Ia, and by eh, eh satisfying 2eh = 2eh = 0 corresponding to
the two components of type D. Hence

with one component Z for each part of A. Thus the torsion subgroup
Pj/Px is isomorphic to Z2@Z2.

Let w E ^pp(Wi) and let w map to r e AutH7(A1). By Proposition 10 we
have

AuVfAO S 8m2 x (Za i Sm3) x (Zt iSmi)x...x (Z2 x SJ x (Z2 \ SJ x ...,

if mx # 0, where mi} ^ are the number of parts of A, p respectively equal
to i, and AutTF(A1) is a subgroup of index 2 in the above if m1 = 0. If
m1 = 0 the induced symmetries are those for which the total number of
negative cycles on components AAt_v where Â  is even, and components of
type D is even. Now a = qcr0 where the order of cr0 is 1 or 2. When a0 = 1,
Oa is the split group SO^g), and when a0 has order 2, Gv is the quasi-split
group SOy(g'). Suppose CTOT gives rise to a pair of partitions £{i), -q(i) with
I €{i) | +1 r]H) | = mi? where the parts of the partitions give the lengths of the
positive and negative cycles on the components of type Ai_v

In order to pass from X/P1 to F we impose additional relations
(q<jow—l)x = 0 for all x e X. F is generated by elements eit one for each
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O cr0 = 1, T = 1, <TOT = 1; Dt(q).

= l ,

o o

o-

a0i«-orbit of type -4, subject to relations

(qk— 1)^ = 0 for positive ^-cycles,

(qk+l)ei = 0 for negative A>cycles,

and by e/s corresponding to the (70w;-orbits of type D. Since there are just
two components of type D there are either two cr0w-orbits of type D of
length 1 or one <70w-orbit of type D of length 2. If both components of
type D are fixed by aow, T has two additional generators e^, e^ satisfying
2eh = 2eh = 0. The image in F of Ox — Ox consists of the single element
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eh + e^. This element is non-zero in F and there is a character of F of order
2 which does not annihilate it. If, on the other hand, the two components
of type D are interchanged by aow there is a single generator e;- of F
coming from an orbit of type D satisfying 2ê  = 0. The elements of
Ox — <E>X then have image 0 in F. This justifies the entry in Table 2 for the
group SO2/.

The simple components of (#/)„. in this case are of type A^-^q^'),
•-4,-ifa*'0'), DH{q) or W^q*), and D^q) or 2Zy?2). Moreover, the total
number of twisted components of type 2D and type 2Ai-x with even i is
even if a0 = 1 and odd if a0 # 1.

The adjoint case
Now suppose 0 is an adjoint group of type Dv Then

= { S a A : ai E %> Yiai even}.
U=i <=i /

X/Px is the set of elements £ Q»ft + ah^h + ah^h ^ ^ o n e H f°r e a c n com-
ponent of type i in Oj subject to the conditions 2a< + a ^ + %a is even
and aix, ah e {0,1}. The torsion subgroup PJPX °f %/P\ *s t n e subgroup
of order 2 generated by e^ + eit.

We consider the additional relations needed to pass from X/Px to its
quotient group F. These relations have the form (qcrow— l)x = 0 for all
x e X. We have, for each i, wfa) = e^ for some i', where ê  = ± 1. As in
the adjoint case in type Ct we choose a new system of generators for X/Px

as follows. X/Px is generated by ê  + e ^ , ef — e^ for all ef correspond-
ing to components of type A, by fh + e^, and by ei — e?- where ei? e,- are in
distinct w-orbits of any type. Thus F is generated by elements
ê  — ê ê /, e^ + e^, et — ê  subject to relations

(qaow-1)^ + 8^) = 0,

(qa^w-1)^-8^) = 0,

(qa0w-l)(ei-ej) = 0,

- e^) - (et + eft.) - (et - eft,).
Consider the image of Ox —Ox in F. This consists of a single element
e^ + e^. ejlteJ2 may or may not be in the same o-0w-orbit. Suppose that
eh, eh are not in the same a0w;-orbit. Then suppose we impose on F the
additional relations ĉ  + e ^ = 0, li — eft. = 0 for each orbit of type A.
We then obtain a quotient group of F generated by e^ + e^, ei — ê  (one
5388.3.42 C
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term for each pair of distinct a0w-orbits) subject to relations

- «*) = (e ' i" 4 ) . 2(e"i - «*) = 0.

These relations do not imply eh + eh = 0. Thus eh + eh ^ 0 in F.
We therefore assume that e^, eJa are in the same w-orbit. We simplify

the given system of generators and relations by considering the orbits of
(TQW on the components of Ox of type A. These orbits correspond to parts
£{i)pi)(i)j of the partitions £(i),T7(i)> where £(i)

;- is a positive cycle on com-
ponents of type Ai_1 and 7](i)j is a negative cycle on components of type
Ai-V In addition there is one or0w-orbit on the two components of type D.
We put c{ = ei — qej&f, di = 2e{ef, one pair cit di for each w-orbit of type A.
Then, just as in the case of an adjoint group of type CJ (Lemma 13), we
obtain the following result.

LEMMA 15. Suppose Ox has exactly two components of type D. Then F
is isomorphic to the abelian group with generators cif di {one pair for each
aQw-orbit of type A) and ei — e^ (one term for each pair of distinct a0w-orbits)
subject to the following relations:

(i) when k = £(i)^,

10 if k is even,

Ci if k is odd;
(ii) when k = 17^,

(0 if kis even,

ci if k is odd;
(iii) ci = Cj for all pairs of w-orbits;
(iv) 2Cf = 0 for all orbits;
(v) (e4-^) + (^-e&) = (e<-e&);
(vi) 2{ii-ii) = e£i-eflj.
Lemma 15 asserts in particular that c{ = c?- for all pairs of w-orbits. We

write c = ci for all i. Since eh, ei% are in the same w>-orbit the element
eh + eh is equal to c in F. Thus we wish to decide whether the relations of
Lemma 15 imply that c = 0. By applying Lemma 14 and considering
the two generator subgroups Kc^d^ we deduce that c ^ 0 in F. This
justifies the entry in Table 2 for adjoint groups of type Dv

We note that if p 96 2 and there are two components D^, D^2 of type D
then the simple components of (£/)„• of type A are of form -^- i^ 5 " ' ' ) ,
Mi_1(g2'")'), and the simple components of type D have form Dn(q) or
2-E/«i(?2)» -^i8(?) o r 2D/iJ(32) *f aow d ° e s n o* interchange the two components
D^, D^, and have form D^q2) or ̂ DJtf) if aow does interchange D^, DH.
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The simply-connected case
Now suppose G is a simply-connected group of type Dh i.e. 0 ^

Then X is the group generated by eve2,...,ehqh where

X/Px is generated by elements eit one for each component of type A in
Oj, by eh, e~h corresponding to the two components of type D, and by qx.
In order to pass from X/P1 to F we impose the additional relations
{qaQW— \)x = 0 for all x e X.

Suppose first that aow interchanges the two components of type D.
Then the relation {qaQw — l)eh = 0 implies that e^ + e^ = 0 in F. However,
the image of Ox — Ox in F consists of the single element eh 4- eJ2. Thus F
has no regular character in this case and so we cannot have the connected
centralizer of a semisimple element.

Thus we assume that aow fixes both components DA1, DMt of type D.
Then F is generated by elements et corresponding to components of type
A, by eh, e^, and by qx subject to relations

The image of Ox — <&x in F consists of the smgle element e~h + ei% and the
only relation which could possibly imply e~h + ei% = 0 is the relation
(qaQw— l)<ft = 0. We therefore consider this relation in detail.

Since 2qt = ex + e2 + . . . + e,, we have

2qt = ^c^ + t,%e^ + a linear combination of e^s,

where £x = 0 if fxx is even and t)X= 1 if yux is odd, and £2 is defined similarly
for /x,2. Also we have

+a, linear combination of e/s,

where ^ = 0 if CTOW; does not twist D^ and r̂ i = 1 if <JOW does twist D^,
and ^2 is defined similarly for DM2. Hence the relation (qaow— l)qt = 0 has
the form \{q— 1) (2qt) = q(q\ — <7oW{qi)), which gives

\{q-1) (£,ieh +t,2eh) = qirj^ + rj^^ + a, linear combination of e/s.

Thus we have

(£(#— l)^!"1?!)^! + (£(<? ~ 1)̂ 2 "^2)^2 = a linear combination of e/s.

We consider when this equation has the form

eix + eJ2 — a Unear combination of e^'s.



36 R. W. CARTER

If q = 1 mod 4 this is so if and only if ^ = l,iya = 1, i.e. aow twists both
DM1, Dm. If q = - 1 mod 4 this is so if and only if £x =£ ^ mod 2 and
£2 ^ i]2 mod 2. This means the components have the form Dfli{q)i where
fit is odd, or 2D/H(q), where ^ is even. If these conditions are not satisfied
we cannot deduce eh + ej% = 0 in F and so F has a regular character.

Thus we suppose henceforward that either q = 1 mod 4 and the ^-com-
ponents have the form 2DH{q2), 2Dm(q2) or that q = - 1 mod 4 and the
D-components are D^q), for ^ odd, or ^^(q2), for ^ even. Then the
contributions to (qcrow— l)qt from the components of type A are calculated
just as in the simply-connected groups of type Bx. The relation

(qaow-1)^ = 0
becomes

where the first sum extends over all the positive fc-cycles of aow on
and the second over all negative ^-cycles on X/Px induced by negative
r-cycles on X. (Here s = r/k.) Now et has order qk— 1 for a positive
ifc-cycle, and order qk +1 for a negative &-cycle. Thus we obtain eh + ei2 = 0
if and only if Â  is even for each positive cycle on X/Px and \/s is even for
each negative cycle on X/Px induced by a negative cycle on X. This is
equivalent to the assertion that Â  is even for all cycles of <JQW on X/Pv

This completes the discussion in the simply-connected case and we have
justified the entry in Table 2 in this case.

We note that the simple components of (G-f)a in this case are of type
At-ito*\ ^ - i t a 2 ' " ' ' ) , D,M) or 2^y<Z2), and D^q) or 2D^(q2). Also the
total number of twisted components of type 2D and of type 2Ai_v with
even i, is even if a0 = 1 and odd if a0 # 1.

The half-spin group
There is one further type of group Dx to be considered when I is even.

This is the half-spin group. In this group one must have <r0 = 1. The
situation here is more complicated than in the other isogenous groups of
type Dlf and we shall state the results without proof.

PROPOSITION 16. Let 0 be the half-spin group of type Dt over an alge-
braically closed field of characteristic p # 2, and let Qx be a reductive sub-
group of maximal rank in 0 of type A^^xA^^x.^xD^xD^. Let
w e <sViv(W1), and suppose w fixes the two components DH, D^. Let 0^ be a
a-stable subgroup of 0 obtained by tunsting Ox by w, that is, irig^g'1) = w.
Then {O^)a is the connected centralizer in Oa of a semisimple element for q
sufficiently large unless all Â  are even and the D-components have the form
2DpM2)> 2j^2(<72) */ <I = 1 mod 4, and have the form D^iq), for ^ odd, or
2^(9f2)> for Pi even> ifq = -^ mod4.
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PROPOSITION 17. Let 0 be as in Proposition 16, and let Gx be a reductive
subgroup of maximal rank in G of type AXl_x x AXi_x x ... x D^x £>,. Let
w e */l/w(W1) interchange and twist the two components of type D^, thus giving
rise to a component ^ ( g 4 ) in {G^)^. Let Gj> be a a-stable subgroup of G
obtained by twisting Gx by w. Then {G^)a is the-connected centralizer in Ga of a
semisimple element for q sufficiently large.

PROPOSITION 18. Let Gbeas in Proposition 16, and let Gx be a reductive
subgroup of maximal rank in G of type AXl_xx AXi_x x ... x D^x D^. Let
w e J^w^Wx) interchange the components DM without twisting them, thus
giving rise to a component D^q2) in (G^)^. Let Gx

a be a a-stable subgroup of
G obtained by twisting Gx by w. Then {G^)^ is the connected centralizer in Ga

of a semisimple element for q sufficiently large unless all Af are even. If all \
are even (G-f)a is a connected centralizer for q sufficiently large if and only if

%(q-l)fjb + M + v = 0 mod 2,
where M, v are defined as follows. M is the number of simple components of
form ^Af-ite6) or 2^A,-i(Q'2e)> where \ = 2 mod 4 and e is odd. v is 0 if w
induces the positive graph automorphism on D^ + D , and v is lifw induces
the negative graph automorphism. The positive and negative graph auto-
morphisms are defined as follows. Suppose the two components DM1, DH of
<!>! have fundamental roots as shown.

o
2/*

We are assuming thai w interchanges these two components but does not twist
them. There are two possible graph automorphisms of the Dynkin diagram
which could be induced by w. If the nodes are numbered as above these auto-
morphisms are rv T2 defined by

•lt T2 are called the positive and negative graph automorphisms respectively.
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NOTE. It may appear odd that the criterion for being a connected
centralizer should depend upon whether w induces the positive or negative
graph automorphism on 2)^+2)^. However, these two graph auto-
morphisms do not play a symmetric role for a half-spin group 0 with given
character group X. We observed earlier that there are two possible
lattices X between the root lattice and the weight lattice which are
character groups for half-spin groups. If the other possible lattice X were
chosen instead as the character group the roles of the positive and negative
graph automorphisms of D^ + D^ would be interchanged in the criterion
for being a connected centralizer.

The results for the half-spin group are summarized in Table 2 of § 4.

8. The character degrees
Finally, we shall apply the results obtained for the centralizers of

semisimple elements in Gv when G is simply-connected to give the degrees
of the irreducible semisimple representations in the dual group &„, which
is adjoint. In order to give these degrees the following notation will be
useful, and we assume q is odd:

Ate) = I Ate) t ;

Here | At(q) \q. denotes the part of | A^q) | prime to q, etc. Moreover, we
define, for small values of I,

The group (At)aM =
The dual group is (AJ^q) = SL{+1(g). There is one genus of semisimple

classes in (̂ 4j)8C(g) for each partition A = (lill2niZTl3...) of l+l and each
partition jxli) = (ftM)i/*(i)2---) °f ni *° r * = 1,2,.... The degree of the



CENTRALIZERS OF SEMISIMPLE ELEMENTS 39

corresponding family of irreducible representations of (At)&di{q) is

The group (M,)ad(^) = PUI+1(<?)
The dual group is (2-4,)8C(<72) = SUI+1(g). There is one genus of semi-

simple classes in (2A,)ao(q
2) for each partition A = (lni2n*3ns...) of 1+ 1 and

each partition fjb{i) = {[ili\iili)
2...) of ^ for i = 1,2,.... The degree of the

corresponding family of irreducible representations of (2^4j)ad(9'2) is
2 « i ( q 2 ) / n " i - i t e * 1 " ' ) n ^ 2 ^

The group (5,)ad(<?) = S O ^ f a )
The dual group is (C,)8C(g) = Sp2j(g

f). We take a pair of partitions
A = (lmi2m*3m*...),{x = (ln'2na3n3...), with |A| + |/M| = I, and assume that /x
has at most two parts. We then take sets of partitions

^> = (£(V(V-)> vli) = fo«WV-),
with | £{i) | +17){i) | = mi} and partitions

with | t,(i) | = n^ There is one genus of semisimple classes in (C,)8C(<?) for each
such set of partitions A, fi, tjH), r)(i), t,{i) except that if/x = (i i) then £,{i) ^ (2).
The degree of the corresponding family of irreducible representations of

n H-i(^("o n y
i,i i,i i,i

The group (Ct)ad(q) = PGSpa(?)
The dual group is (5j)8C(g) = Spin2/+1(g'). We take a pair of partitions

X = (imi2m*3m*...),ix = (2na3n3...), and a number v with |A| + |/Lt| + v = I,
and assume that /* has at most one part. We then take sets of partitions

£«>« (£«>,f«>,...), Vi} = W*W%"h
with \ili)\ + \rj^\ = mit and

with | ̂ (<) | +1 a)li) | = ?v (Of course »< = 0 or 1 so t,H),ojH) have an ex-
tremely simple form.) There is one genus of semisimple classes in (1?,)8O(<7)
for each such set of partitions A,/x, ̂ (i),rj(i), £(i), co(i), except that we must
exclude those giving rise to a critical subgroup as defined in § 4, Table 2.
The degree of the corresponding family of irreducible representations of

(<3)ad(<7) is

m/n â -ita*10') n s-ita*10') n w c o o n 2si
<J <J « ii
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The group (Dt)ad(q) = POa(g)
The dual group is (D^q) = Spinet?). We take a pair of partitions

A = (lm»2m'3m*...),/x = (2^3«s...)j with |A| + |/x| = Z, and assume that /x
has at most two parts. We then take sets of partitions

with \£{i)\ + \v)<i>\ = mt, and

with | £(i) | +1 co{i) | = 7i€. There is a family of semisimple classes in (Dj)80(g
f)

for each such set of partitions A,/x, £{i),r){i), t,(i\w{i) except that if fx has
two parts then we must exclude those giving rise to critical subgroups as
described in §4, Table 2, and if/x = (ii) then we cannot have £(i) = (2) or
cud) = (2). We note also in this case that a family may contain more than
one genus of semisimple classes. The degree of the corresponding family of
irreducible representations of (Di)a&(q) is

n t*i-i(q*'m') n

The group (2A)ad(<Z2) =
The dual group is (2Di)80(q) = Spin^g). We take sets of partitions

K ĵ > £{i)> y(i)> £(i)> ̂ ( i ) as for (2>,)ad(g). There is a family of semisimple classes
in (2Di)BC(q2) for each such set of partitions, except that if /x has two parts
then we must exclude those giving rise to critical subgroups as described in
§4, Table 2, and if/x = (ii) then we cannot have £(i) = (2) or w(*> = 2. The
degree of the corresponding family of irreducible representations of

(2A)ad(<Z2) is
2s,(<z2)/n a<-i(«ew') n s-ita*10') n w 1 * ' ) n ^(a1-10').

ii ii ii ii
Finally, if K has characteristic 2 the degrees of the irreducible semi-

simple characters of the adjoint group G when q is sufficiently large are
given by

where L is a tr-stable reductive part of some parabolic subgroup of the dual
group Q.

Analogous results for the exceptional groups have been obtained by
Deriziotis [10].
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