
�Êîøìàðíûå ìûñëè� î ïåðâîé êîíòðîëüíîé

ðàçáîð

Çàäà÷à 1. Âû÷èñëèòå èíòåãðàë, âûðàæàÿ åãî â òåðìèíàõ çíà÷åíèé Γ- èëè B-ôóíêöèè

Ýéëåðà. Íàïðèìåð, ∫ ∞

0

x2ne−x2

dx,

ãäå n � öåëîå ïîëîæèòåëüíîå ÷èñëî.

Ðåøåíèå. Ñäåëàåì çàìåíó ïåðåìåííîé t = x2:∫ ∞

0

x2ne−x2

dx =
1

2

∫ ∞

0

tn−1/2e−t dx =
1

2
Γ(n+ 1/2).

Èñïîëüçóÿ ôîðìóëó ïîíèæåíèÿ, ïîëó÷àåì:

1

2
Γ(n+ 1/2) =

1

2
(n− 1/2)Γ(n− 1/2) =

1

2
(n− 1/2) · . . . · (1/2)Γ(1/2)

=
1

2

(2n− 1) · (2n− 3) · . . . · (1)
2n

Γ(1/2)

=
(2n− 1)!!

2n+1
Γ(1/2) =

(2n− 1)!!

2n+1

√
π.

Â ïîñëåäíåì ðàâåíñòâå èñïîëüçîâàíà ôîðìóëà äîïîëíåíèÿ Γ(x)Γ(1− x) = π
sinπx

, x ∈ (0, 1),

äëÿ çíà÷åíèÿ x = 1/2.

Çàäà÷à 2. Èññëåäóéòå ðÿä íà ñõîäèìîñòü è àáñîëþòíóþ ñõîäèìîñòü. Íàïðèìåð, âûÿñíèòå,

ïðè êàêèõ p > 0 ñõîäèòñÿ ðÿä ∑
n⩾1

sinn · arctan
(

np

n2p + 1

)
.

Ðåøåíèå. Ðÿä çíàêîïåðåìåííûé, åãî ÷ëåíû ñòðåìÿòñÿ ê íóëþ. Óïðîñòèì ñëàãàåìûå òàê,

÷òîáû îíè ïðèíÿëè íàèáîëåå óäîáíóþ ôîðìó, à îñòàòîê ïðè òàêîì óïðîùåíèè ñõîäèëñÿ

áû àáñîëþòíî. Èìååì

np

n2p + 1
=

1

np(1 + n−2p)
=

1

np

[1/p]+2∑
j=0

(−1)jn−2jp +O(n−2)

 .

Êàæäûé ðÿä ñî ñëàãàåìûìè âèäà ∑
n⩾1

n−2jp sin(n)

ñõîäèòñÿ ïî ïðèçíàêó Äèðèõëå ïðè ëþáîì p > 0 (ñóììû
∑N

n=1 sinn ðàâíîìåðíî îãðà-

íè÷åíû, à ïîñëåäîâàòåëüíîñòü n−2jp ìîíîòîííî óáûâàåò ê íóëþ). Çíà÷èò, èñõîäíûé ðÿä

ñõîäèòñÿ ïðè ëþáîì p > 0. Ïåðåéäåì ê ðàññìîòðåíèþ àáñîëþòíîé ñõîäèìîñòè. Äëÿ çíà-

êîîïðåäåëåííûõ ðÿäîâ ïðèçíàê Âåéåðøòðàññà ïîçâîëÿåò çàìåíÿòü ÷ëåíû íà ñðàâíèìûå ñ

íèìè. Ðàçëîæåíèå
np

n2p + 1
=

1

np(1 + n−2p)
=

1

np
(1 + o(1))

1



ïîêàçûâàåò, ÷òî ìû ìîæåì èññëåäîâàòü àáñîëþòíóþ ñõîäèìîñòü ðÿäà∑ | sinn|
np

âìåñòî èñõîäíîãî. Ïðè p > 1 ðÿä ñõîäèòñÿ, òàê êàê∑ | sinn|
np

⩽
∑ 1

n1+ε

äëÿ íåêîòîðîãî ε > 0. Ïðè p ∈ (0, 1] ðÿä ðàñõîäèòñÿ. ×òîáû ýòî äîêàçàòü, çàìåòèì, ÷òî

2N∑
N

| sinn|
np

⩾
∑
n∈AN

| sinn|
np

⩾
1

4

∑ 1

np
⩾

1

4

∑ 1

n
⩾

♯AN

4(2N)
,

ãäå AN = {N ⩽ n ⩽ 2N : | sin(n)| > 1/4}. Òàê êàê ♯AN/N íå ñòðåìèòñÿ ê íóëþ ñ ðîñòîì

N , ðÿä
∑ | sinn|

np íå ñõîäèòñÿ ïðè p ⩽ 1 ïî êðèòåðèþ Êîøè.

Çàäà÷à 3. Èññëåäóéòå èíòåãðàë íà ñõîäèìîñòü è àáñîëþòíóþ ñõîäèìîñòü. Íàïðèìåð, âû-

ÿñíèòå, ïðè êàêèõ p > 0 ñõîäèòñÿ èíòåãðàë∫ ∞

0

sin(xp)

xp log2(x+ e)
dx.

Ðåøåíèå. Ñíà÷àëà èçó÷àåì èíòåãðàë íà ó÷àñòêå (1,+∞). Ñäåëàåì çàìåíó ïåðåìåííîé

t = xp: ∫ ∞

1

sin(xp)

xp log2(x+ e)
dx =

1

p

∫ ∞

1

sin t

t2−1/p log2(t1/p + e)
dt.

Åñëè 2− 1/p > 0, òî ïðè áîëüøèõ t ôóíêöèÿ t2−1/p log2(t1/p + e) ìîíîòîííà è ñòðåìèòñÿ ê

áåñêîíå÷íîñòè. Äåéñòâèòåëüíî, ìîíîòîííîñòü ñëåäóåò èç ðàññìîòðåíèÿ ïðîèçâîäíîé:

(t2−1/p log2(t1/p + e))′ = (2− 1/p)t1−1/p log2(t1/p + e) + 2 log(t1/p + e)
(1/p)t1/p−1t2−1/p

t1/p + e

= t1−1/p log2(t1/p + e)
(
(2− 1/p) log(t1/p + e) + 2

(1/p)

t1/p + e

)
> 0.

Òàêèì îáðàçîì, ïðè p > 1/2 èíòåãðàë ñõîäèòñÿ ïî ïðèçíàêó Äèðèõëå. Åñëè 2− 1/p = 0 òî

åñòü p = 1/2, òî ìû èìååì äåëî ñ èíòåãðàëîì∫ ∞

1

sin t

log2(t2 + e)
dt,

êîòîðûé òàêæå ñõîäèòñÿ ïî ïðèçíàêó Äèðèõëå. Åñëè 2− 1/p < 0, òî èíòåãðàë ðàñõîäèòñÿ.

Äåéñòâèòåëüíî, íà ó÷àñòêàõ Ik = 2πk + [π/2 − δ, π/2 + δ], ãäå δ = 1/10, èìååò ìåñòî

íåðàâåíñòâî sin t > 1/2, ïîýòîìó∫
Ik

sin t

t2−1/p log2(t1/p + e)
dt ⩾ (1/2)min

t∈Ik

1

t2−1/p log2(t1/p + e)
,

è ïðàâàÿ ÷àñòü ñòðåìèòñÿ ê áåñêîíå÷íîñòè ïðè 2− 1/p < 0. Çíà÷èò, èíòåãðàë íå ñõîäèòñÿ

ïðè 0 < p < 1/2 ïî êðèòåðèþ Êîøè. Ðàññìîòðèì âîïðîñ àáñîëþòíîé ñõîäèìîñòè èíòåãðàëà∫ ∞

1

sin t

t2−1/p log2(t1/p + e)
dt.

Åñëè 2− 1/p ⩾ 1, òî èíòåãðàë ñõîäèòñÿ àáñîëþòíî ïî ïðèçíàêó Âåéåðøòðàññà:∫ ∞

1

| sin t|
t2−1/p log2(t1/p + e)

dt ⩽
∫ ∞

1

1

t log2(t1/p + e)
dt ⩽

∫ ∞

1

1

(1/p)2t log2(t)
dt < ∞.
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Åñëè 2− 1/p < 1, òî
| sin t|

t2−1/p log2(t1/p + e)
⩾

| sin t|
t

ïðè áîëüøèõ t. Èíòåãðàë∫ ∞

A

| sin t|
t

dt ⩾
∫ ∞

A

| sin t|2

t
dt ⩾

1

2

∫ ∞

A

1− cos(2t)

t
dt

ðàñõîäèòñÿ äëÿ ëþáîãî A, òàê êàê èíòåãðàë∫ ∞

A

1

t
dt

ðàñõîäèòñÿ ê +∞, à èíòåãðàë ∫ ∞

A

cos(2t)

t
dt

ñõîäèòñÿ ïî ïðèçíàêó Äèðèõëå. Èòàê, ìû äîêàçàëè, ÷òî èíòåãðàë∫ ∞

1

sin(xp)

xp log2(x+ e)
dx

ñõîäèòñÿ ïðè òîëüêî p ⩾ 1/2, è ñõîäèòñÿ àáñîëþòíî òîëüêî ïðè p ⩾ 1. Îñòàëîñü ðàçîáðàòü-

ñÿ ñî ñõîäèìîñòüþ â îêðåñòíîñòè íóëÿ, òî åñòü ñ èíòåãðàëîì∫ 1

0

sin(xp)

xp log2(x+ e)
dx

Çàìåòèì, ÷òî íà ïðîìåæóòêå (0, 1) ïîäûíòåãðàëüíàÿ ôóíêöèÿ ñðàâíèìà ñ êîíñòàíòîé ïî

ìîäóëþ, è ïîýòîìó óêàçàííûé èíòåãðàë ñõîäèòñÿ àáñîëþòíî ïðè ëþáîì çíà÷åíèè ïàðàìåò-

ðà p > 0. Ïîëó÷àåì îòâåò: ïðè p > 0 èñõîäíûé èíòåãðàë ñõîäèòñÿ ïðè p ⩾ 1/2, ñõîäèòñÿ

àáñîëþòíî ïðè p ⩾ 1. Îòäåëüíî ìîæíî èçó÷àòü è çíà÷åíèÿ p ⩽ 0, ýòîò ñëó÷àé îñòàåòñÿ â

êà÷åñòâå óïðàæíåíèÿ.

Çàäà÷à 4. Íàéäèòå àñèìïòîòèêó ÷àñòè÷íûõ ñóìì ðÿäà, ñðàâíèâàÿ èõ ñ ñóììàìè Ðèìàíà

íåïðåðûâíîé ôóíêöèè íà îòðåçêå. Íàïðèìåð, íàéäèòå àñèìïòîòèêó ñóìì
∑N

n=1
N

√
2+n

√
3

n
√
5+N

√
7
.

Ðåøåíèå. Ïðè áîëüøèõ N è áîëüøèõ n ⩽ N ñëàãàåìûå âåäóò ñåáÿ êàê n
√
3/N

√
7. Ïðèáà-

âèì è âû÷òåì ýòîò ÷ëåí:

N
√
2 + n

√
3

n
√
5 +N

√
7
− n

√
3/N

√
7 = n

√
3/N

√
7 +

(
N

√
2 + n

√
3

n
√
5 +N

√
7
− n

√
3/N

√
7

)
.

Îöåíèì îñòàòîê ïðè n ⩽ N :∣∣∣∣∣N
√
2 + n

√
3

n
√
5 +N

√
7
− n

√
3

N
√
7

∣∣∣∣∣ ⩽ N
√
2+

√
7 + n

√
3+

√
5

(n
√
5 +N

√
7)N

√
7
⩽

N
√
2+

√
7 + n

√
3+

√
5

N2
√
7

= o

(
N

√
3

N
√
7

)
.

Èòàê,

N∑
n=1

N
√
2 + n

√
3

n
√
5 +N

√
7
=

N∑
n=1

(
n
√
3/N

√
7 + o

(
N

√
3

N
√
7

))
= N1+

√
3−

√
7

N∑
n=1

1

N
n
√
3/N

√
3 + o

(
N1+

√
3

N
√
7

)
.

Ïî îïðåäåëåíèþ èíòåãðàëà Ðèìàíà,

N∑
n=1

1

N
n
√
3/N

√
3 →

∫ 1

0

x
√
3 dx =

1√
3 + 1

.
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Ïîëó÷àåì àñèìïòîòèêó:

N∑
n=1

N
√
2 + n

√
3

n
√
5 +N

√
7
=

N1+
√
3−

√
7

√
3 + 1

(1 + o(1)) + o

(
N1+

√
3

N
√
7

)
=

N1+
√
3−

√
7

√
3 + 1

(1 + o(1)).


