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1. Three forms of the inverse problem

1.1. Form | _
D:{(X,y)|X2+y2§1}CR2:(C, 7:8D:{ele}

Ne =1/ —d?/d6? : C*(v) — C>®(7)

is the Dirichlet-to-Neumann operator of the Euclidean metric.
Equivalently, Aee™ = |n| .
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1. Three forms of the inverse problem

1.1. Form | _
D:{(X,y)|X2+y2§1}CR2:(C, 7:8D:{ele}

Ne =1/ —d?/d0? : C™(y) — C™()

is the Dirichlet-to-Neumann operator of the Euclidean metric.
Equivalently, Aee™ = |n| .

For a positive function a € C*>°(~), the operator aA¢ has a
discrete eigenvalue spectrum

Sp(ahe) ={0=Xog< A <X <.}

that will be called the Steklov spectrum of the operator ale.
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1. Three forms of the inverse problem

1.1. Form | _
D:{(X,y)|X2+y2§1}CR2:(C, ’7:8D:{ele}

Ne =1/ —d?/d0? : C™(y) — C™()

is the Dirichlet-to-Neumann operator of the Euclidean metric.
Equivalently, Aee™ = |n| .

For a positive function a € C*>°(~), the operator aA¢ has a
discrete eigenvalue spectrum

Sp(ahe) ={0=Xog< A <X <.}

that will be called the Steklov spectrum of the operator ale.
Inverse problem: To what extent is a positive function
a € C>(v) determined by the Steklov spectrum Sp(aie)?
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Definition

Two functions a, b € C*(~y) are said to be conformally
equivalent if there exists a conformal or anticonformal
transformation ® : D — D such that

—1
b:aogo‘zsg , where ¢ =9|,.

Here 9 ¢ C(4) is defined by ¢*(d) = % db.
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Definition

Two functions a, b € C*(~y) are said to be conformally
equivalent if there exists a conformal or anticonformal
transformation ® : D — D such that

—1
b:aogo‘zz , Wwhere ¢ =9d|,.

Here 92 ¢ C>(v) is defined by ¢*(df) = 92 do.

If two positive functions a, b € C>°(~y) are conformally
equivalent, then Sp(alAe) = Sp(bA¢). The converse statement
is still open

Conjecture (1)

For two positive functions a, b € C*(v), the equality

Sp(ale) = Sp(bAe)

holds if and only if these functions are conformally equivalent.
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1.2. Form Il
Let Q ¢ R? be a simply connected domain bounded by a
smooth closed curve 909.
A € Sp(R)

Au=0 in Q, @ = —)\U’aQ

o |5a

Inverse problem: To what extent is a simply connected smooth
bounded domain Q ¢ R? determined by its Steklov spectrum?

Conjecture (2)

A simply connected smooth bounded domain Q c R? is
determined by its Steklov spectrum uniquely up to an isometry
of R? endowed with the standard Euclidean metric e.
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1.3. Form lll
Let g be a Riemannian metric on the unit disc D. The
Dirichlet-to-Neumann operator of the metric is defined by

ou

Ng: C(y) = C™(vy), Ng(f)=— AR

where u is the solution to the Dirichlet problem
Agu=0 in D, uly="*.

Inverse problem: to what extent is a Riemannian metric g on D
determined by the spectrum Sp(Ag)?

Conjecture (3)

A Riemannian metric on the unit disk is determined by its
Steklov spectrum uniquely up to a conformal equivalence. More
precisely, for two Riemannian metrics g and g’ on D, the
equality Sp(Ag) = Sp(Ag') holds if and only if there exist a
diffeomorphism W : D — D and function 0 < p € C*(D) such
thatp|ly =1 and g’ = p¥*g.
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These three conjectures are equivalent. The first version of the
inverse problem seems easier from the analytic viewpoint since
it is a problem of recovering one function of one real argument.
On the other hand, two last versions seem, probably, more
interesting from the geometric viewpoint. In what follows, we
discuss Conjecture 1.
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These three conjectures are equivalent. The first version of the
inverse problem seems easier from the analytic viewpoint since
it is a problem of recovering one function of one real argument.
On the other hand, two last versions seem, probably, more
interesting from the geometric viewpoint. In what follows, we
discuss Conjecture 1.

We are not very optimistic about the validity of the conjecture in
the general case. Nevertheless, there are many versions of the
problem which are worth of studying even if the answer is "no"
in the general case.

For example, we can ask: given 0 < b € C*°(~), how many
positive functions a € C*°(y) satisfy

Sp(ale) = Sp(bAe)?

We believe that, for a generic b, such a function ais unique up
to the conformal equivalence.
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2. Zeta invariants
v = {€"’}. For a function a € C>(v), let &, be its Fourier
coefficients, i.e.,

o0
af) = Y ae™.
n=—oo
For every integer k > 1, we define
Zk(a) = Z N .ok @@, - - - @y
Jit+j2k=0

where

o0

Njj = [\”(”+f1)(”+f1 +Jo) - (N+j1+ -+ fok—1)]

n=—oo
=n(n+j)(n+j+p)...(n+ i +"‘+j2k—1)]

There is only a finite number of nonzero summands on the
right-hand side.
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Theorem
For a function 0 < a € C*(y) normalized by the condition
L= f&r % = 1 and for every k > 1, the invariant Zy(a) is

uniquely determined by the Steklov spectrum Sp (al\e).
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Theorem

For a function 0 < a € C*°(y) normalized by the condition
L=5- 02” % =1 and for every k > 1, the invariant Zx(a) is
un/que/y determined by the Steklov spectrum Sp (al\e).

Idea of the proof:

Let {0 =Xy < A\ < X2 <...} be the spectrum of the operator
ale. The zeta-function of the operator is defined by

Ca(s) = Tr[(ale) 5]—Z>\ s,

The series converges for Re s > 1 and (;(s) extends to a
meromorphic function on C with the unique simple pole at
s = 1. Moreover, (5(s) — 2(r(s) is an entire function, where
Cr(s) is the classical Riemann zeta-function.

We prove that for every k = 1,2, ...

Ca(—2k) = Ca(—2k) — Cr(—2k) = Tr[(alhe)?  — (aDy)? ] = Zk(a).
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If two positive functions a, b € C*°(~y) are isospectral
Sp(aie) = Sp(bAe),

then, by the theorem, we have the infinite system of algebraic
equations in Fourier coefficients

Zd(a) = Z«(b) (k=1,2,...).
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If two positive functions a, b € C*°(~y) are isospectral
Sp(aie) = Sp(bAe),

then, by the theorem, we have the infinite system of algebraic
equations in Fourier coefficients

Zd(a) = Z«(b) (k=1,2,...).

Question: given 0 < b € C*°(~), how many positive functions
a € C*>(v) satisfy the system?

We believe that, for a generic function b, the solution is unique
up to the conformal equivalence. But this is not proved yet.
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3. Zeta invariants and the conformal group

Rewrite the definition of Zi(a) in the form

Zi(a) = Z L. joi éh . 'éfzk’

j1a“'7j2k
where
z 10, it ji 4+ ek 70,
RPN N(j1~-vj2k)7 if j1 4+ ... +j2k =0."
Niie = D [|”(”+f1)(”+/1 +R). - (N+ji+ -+ j2k—1))]
n=-—oo

—n(n+ji)(n+js 4 o) ... (N4 js + -+ jok—1)|-

We know Zy(a) = Zx(b) for conformally equivalent functions a
and b.
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Proposition
The conformal invariance of Zi(a) is equivalent to the relations

Z

1. Jok

= Z_jhv--

,—Jek

2k
Z(j@é - 1)Zj17---7ja717ja+17ja+17---7j2k = O'
a=1
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4. Explicit formulas for Z; and £

ZZ/ -j&a-j, Z /—Z<|n(”+f)|—”(”+f))-

n

N N[ —2n(n+j), if 0<n<—jor —j<n<QO,
in(n+/)l=n(n+]) = { 0 otherwise.

Therefore, for a positive j,
—1
Z_j=-2 Z n(n+j) = —22” —1—21217— (° =)
n=—j

Similarly, Z; _; = 3|j — j| for a negative j.

o0

Edward: Z(a Z ° -l &a =3 Z/ —))ga .

j——oo j=2



Zeta invariants

Theorem

Coefficients of the form Zy(a) = > Zj, &a;axa, are completely
determined by the following:

(I)Z,'jkg:OfOl’I.-i-j—i-k—i-f#o;

(2) Zjke are symmetricand even: Z_; _j ;= Zjjks;

(3) Zjk,—i—j—k Is the piece-wise polynomial function in (i, j, k)
uniquely determined by

Pi(i,j k) if i>0,j>0, k>0;
Z//k =k —

i+j+k>0

P, = %a(ﬁk) (3i54+15i*j+10/°2+-10/%jk — 51 —25i2j—10ijk +2i),

1
P> = ——0oj) (5/ + 25i* +10/%2 4+ 203 jk — 1023 — 15j* — 20ij®k

45
45— 5j*k + 10/3k2 — 5/ — 15/2j 4 5jj2 — 52k + 4j)
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5. Some open questions

Main problem: given a positive function b € C*>(~), one has to
find all positive functions a € C*(~) satisfying

Sp (ahe) = Sp (bAe).

Zeta-invariants allow us to write down the infinite system of
equations
Zk(a):bk (k:1’27) (1)

The principle question on zeta-invariants: are the invariants
Zk(a) (k =1,2,...) independent of each other, i.e., does
system (1) give us infinitely many conditions on the Fourier
coefficients of a function a?
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Zx(a) =0 (k =1,2,...) for every function a belonging to the
three-dimensional subspace

L = {a c COO(,y) ‘ 3(9) _ éO + 31 eiG + é_1e_i9},

The converse statement is true in the case of k = 1 for real
functions: if Zy(a) = 0 for a real function a € C*>(~), then a € L.
This is seen from Edward’s formula that takes the following
form in the case of a real function a:

2 s
Zi(@) =5y (n° = n)lanl*
n=2

How does the set of all (real) functions a € C>(S) satisfying
Zx(a) =0for k =2,3,... look like, can it be essentially
different of L?
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For a real function a,

Zi(a)=> (n®—n)ap® > c1 > _ n’lan.

n>2 n>2

Problem
Does the inequality

Zi(a) = cx > nPHtHT g,/ (1)
n>2

hold for every real function a € C*°(S) and for every

k =2,3,..., where the coefficient c, > 0 depends on k only? If
the answer is "no", the same question can be asked for positive
functions a.
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The compactness theorem
The Hilbert space H*(«y) is the completion of C*°(~) with
respect to the norm

HaHZHS v) 2(1 "]‘25)’6’\1”’2‘
(
n

Theorem
Leta” € C™(y) (v=1,2,...) be a sequence of functions
uniformly bounded from below by some positive constant

a’(#) >c>0.

Assume the Steklov spectrum Sp (a”/\¢) to be independent of v.
Then there exists a subsequence a*« such that each a*« is
conformally equivalent to some function b’ € C*>°(~) and the
sequence of norms ||b"|| s /2.,y is bounded. Hence, for every

s < 3/2, the sequence b"x contains a subsequence converging
in H3(w).
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The scheme of the proof.

1 2T dp Nz
We can assume that 5 |/ 70 = landaj =a”’, >0. The

positiveness of @’ implies &5 > 1, 0 < &/ < &j. The first
invariant

4 1 ey
Zi(@) =5 Y In° —nl|&?

[n|>2

is independent of v. Therefore
185220y < (88)2 + (B)2 + Z1(8) < 2(8)? + Zi(&).

If the sequence &; was bounded, the statement of the theorem
would follow.
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The scheme of the proof.

1 2T dp Nz
We can assume that 5 |/ 70 = landaj =a”’, >0. The
positiveness of @’ implies &5 > 1, 0 < &/ < &j. The first

invariant ’
zy(a) =z > In° —nl|&
[n|>2

is independent of v. Therefore
185220y < (88)2 + (B)2 + Z1(8) < 2(8)? + Zi(&).

If the sequence &; was bounded, the statement of the theorem
would follow.

On assuming &3 — +o0, we look for a conformal transformation
¢, : D — D such that

by <C for b’'=ao,.

It is possible to choose such ¢, in the form

d,(z) = 1Z+‘ppuvz (=1 <p, <)
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