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Introdution Einstein-Hilbert and Einstein-Cartan ations

The essene of GR is invariane under di�eomorphisms (general oordinate transformations)

xµ → x′µ(x), Aµ(x) → Aν(x
′)
dx′ν

dxµ
, ..., d4x →

∥
∥
∥
∥

dx

dx′

∥
∥
∥
∥d

4x′

General Relativity in terms of the metri tensor

S = −
M2

P

16π

∫

d4x







2Λ
√
g

︸ ︷︷ ︸

osmologial term

+
√
gR̄

︸ ︷︷ ︸

Einstein�Hilbert term






,

Λ ≃ 8.65 · 10−66
eV

2, MP = 1.22 · 1019GeV, Λ

M2
P

≃ 5.82 · 10−122

Tetrad �eld

It is more onvenient to use Einstein-Cartan formulation.

eAµ (x) is tetrad (vierbein, or frame �eld):

gµν(x) = eAµ e
A
ν , eµA = (eAµ )−1, A = 1, .., d; µ = 1, .., d.

The indies A,B, C, .. are "�at" Lorentz indies (we do not are

about lower and upper Lorentz indies).
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Introdution Einstein-Hilbert and Einstein-Cartan ations

First order formalism (Einstein-Cartan)

Loal Lorentz invariane

Ortho-normal oordinate systems an be independently rotated at every point (Gauge

Lorentz symmetry)

eAµ (x) → OABeBµ (x), O ∈ Lorentz group

∂µT
A → DAB

µ TB =
(

δAB∂µ + ωAB
µ

)

TB

ωAB
µ (x) = −ωBA

µ , spin-onnetion, (AB) enumerates

d(d−1)
2

generators of the Lorentz group.

Historially, it is the �rst example of Yang-Mills theory,[Cartan,22℄[Fok,28℄

Einstein-Cartan gravity

S =
M2

P

16π

∫

d4x
(

− 2Λdet e
︸ ︷︷ ︸

Λ
√

g

−1

4
ǫµναβǫABCDFAB

µν eCα e
D
β

︸ ︷︷ ︸
√
gR

− ι

2
ǫµναβFAB

µν eAα e
B
β

︸ ︷︷ ︸

Holst ation

=0 in EH

+...
)

FAB
µν = [DµDν ]

AB = ∂µω
AB
ν − ∂νω

AB
µ + [ωµων ]

AB
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Introdution Einstein-Hilbert and Einstein-Cartan ations

The Einstein-Cartan gravity ontains more d.o.f's then Einstain-Hilbert gravity and, in

partiular, ontains new geometry struture: torsion.

1

2

(
Γα
µν − Γα

νµ

)
eAα = TA

µν .

Without soures the Cartan ation is equivalent to the Einstein- Hilbert ation.

The fermions are the natural soure for the torsion �eld.

S =
M2

P

16π

∫

d4x

(

−2Λdet e− 1

4
ǫµναβǫABCDFAB

µν eCα e
D
β + eµAψ

†γADµψ

)

With the fermions the torsion is not zero at saddle point:

TA
µν ∼

(
Ψ̄...Ψ

)
bilinear fermion urrent

However, 4-fermion interation indued by torsion is suppressed as 1/M2
P (at least), e.g.

[Hehl,78℄, [Diakonov,Tumanov,AV,11℄
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Introdution Einstein-Hilbert and Einstein-Cartan ations

Speaking about quantum gravity I will keep in mind Einstein-Cartan formulation whih is

generially posses two symmetries

Di�eomorphisms (gen.oordinate transformations) xµ → x′µ(x)

Gauge Lorentz invariane eAµ (x) → OAB(x)eBµ (x)

Nowadays, there are quite a lot of models of Quantum Gravity

Loop quantum gravity (spin-foams)

Dynamial triangulation models

Group �eld theories

String theory based models

...(Only in Wikipedia one an �nd 10 more approahes)

Every model has its own weak and strong points, and most part of them looks very unusual

on �rst glane.
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Introdution Boundlessness of gravity ation

Boundless ation

Z
gravity

[J ] =

∫

[De Dω]e−S[J]

Any di�eomerphism invariant ation is not sign-de�nite.

The only index marring struture is (non sign-de�nite) Levy-Civita tensor. All the rest

are �utuating �elds.

Therefore, the ation during �utuations an ontentiously passes through zero.

Large vauum �utuations are not suppressed, but even enfored.

The simplest example is osmologial term:

∫

d4xdet e =

∫

d4xǫµνρσǫABCDe
A
µ e

B
ν e

C
ρ e

D
σ .

The "usual" quantum gravity is not-well de�ned in general, although the perturbative

de�nition may exist (a-la phi3 theory).

e2
e2

e2

e2
e2

e1 e1 e1

e1 e1
det(e) > 0 det(e) = 0 det(e) < 0
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Spinor gravity De�nition

Spinor gravity

Making path integral well-de�ne

⋄ One of the ways to overome the sign problem of gravity is to use only the ompat

and/or fermion degrees of freedom. The idea is not very new, see

[Akama,78℄,[Volovik,90℄,[Wetterih,05-12℄.

eAµ = ψ†γADµψ − (Dµψ)
†γAψ

This ombination is Hermitian e† = e and transforms as a 1-form and a Lorentz vetor.

Another possibility

fAµ = i(ψ†γADµψ + (Dµψ)†γAψ) = iDµ(ψ†γAψ)
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Spinor gravity De�nition

Limitations on the ation

The Grassman algebra gives some restritions on the ation:

No tetrad with "upper" index: det(e)eµA = ǫµναβǫABCDe
B
ν e

C
α e

D
β

Tetrad in power 2
d
2
is zero,

(
eAµ (x)

)2d/2
= 0.

General Relativity ation

Cosmologial term: Scosm =
∫
d4x 1

4!
ǫABCDǫ

µναβeAµ e
B
ν e

C
α e

D
β .

Einstein-Hilbert term: SEH =
∫
d4x 1

12
ǫABCDǫ

µναβFAB
µν eCα e

D
β

The only non-fermion term:

∫
d4x 1

4!
ǫABCDǫ

µναβFAB
µν FCD

αβ = Full Derivative

Dira ation for Ψ:
SD =

∫
d4xdet(e)eµA

(

Ψ†(x)γADµΨ(x)− (DµΨ(x))† γAΨ(x)
)

= Scosm!!!

S =

∫

d4xǫµναβǫABCD






ΛeAµ e

B
ν e

C
α e

D
β

︸ ︷︷ ︸
√

g

−µ1FAB
µν eCα e

D
β

︸ ︷︷ ︸
√

gR

+ . . .
︸ ︷︷ ︸

�nite # of terms
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Spinor gravity Classial ation

How to hek that quantum gravity reprodues lassial one? Calulate DI orrelators e.g.

sphere surfae

I1(s) =
〈
∫
dx1

√
g
∫
dx2

√
gδ(S(x1, x2)− s)〉

〈
∫
dx

√
g〉

(≃ 2π2s3)

But this an not be used for fermion gµν . The lassial metri tensor and lassial e�etive

ation an be introdued by means of the Legendre transform [Wetterih 11, AV& Diakonov

12℄

eW [Θ] =

∫

[Dφ†DψDω] exp
(

S +

∫

ĝµνΘ
µν

)

, ĝµν built from fermions

The lassial metri:

glµν(x) =
δW [Θ]

δΘµν(x)
⇒ Θµν [gl]

E�etive ation is given by Legandre transform: Γ[gl] = W [Θ]− glµνΘ
µν
. At the low energy

limit it reads (due to di�eomorphism invariane):

S
low

=

∫

dx
√

gl
(

c1 + c2R(g
l) + ...

)

,

c1

c22
≃ 5.8 · 10−120

How one an guarantee suh tiny ratio?
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Spinor gravity on lattie Lattie di�eomorphism invariane

Lattie regularization of di�eomorphism invariant ations

Z[J, λ] =

∫

[Dω Dψ†Dψ]eS ,

S =

∫

d4x
[

ǫµνρσǫABCD

(

λ1e
A
µ e

B
ν e

C
ρ e

D
σ + λ2e

A
µ e

B
ν e

C
ρ f

D
σ + λ3e

A
µ e

B
ν FCD

ρσ + ...
)

+ λ4ǫ
µνρσFAB

µν eAρ e
B
σ + ...

]

In order to formulate quantum theory properly one has to regularize it at short distanes.

The most lear-ut regularization is lattie disretization

Expliit invariane under gauge transformation (lattie gauge theory).

In ontinuum limit, the lattie ation redues to di�eomorphism invariant (lattie

di�eomorphism invariane).
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Spinor gravity on lattie Lattie di�eomorphism invariane

Lattie regularization of di�eomorphism invariant ations

Lattie di�eomorphism invariane

Spinor gravity is di�eomorphism invariant:

x → x′(x)
∫

ddxL(x) =
∫

ddx′L(x′(x))

The lattie ation should be independent on form of the lattie, only the neighborhood

struture is important.

x(n) → x′(x(n))
∑

n

L(n|x) =
∑

n

L(n|x′)

x(n) is the map from disrete set of lattie verties to the manifold.

Realization of the integral measure without di�eomorphism equivalent on�gurations
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Spinor gravity on lattie Lattie di�eomorphism invariane

Expliit onstrution

Taking the simplex lattie with oordinates of verties xµi .
Volume of a simplex:

V
simplex

=
ǫi0,i1i2..id

(d+ 1)!

ǫµ1µ2..µd

d!
(xµ1

i1
− xµ1

i0
)..(x

µd
id

− x
µd
i0

)

Disredited version of a tetrad:

eAij = ψ†
i γ

AUijψj − ψ†
jUjiγ

Aψi ≃ (xµj − xµi )e
A
µ +O(∆x2)

Disredited version of gauge strength tensor (plaquette)

PAB
ijk =

1

df
tr

(

σABUijUjkUki

)

Uij is a holonomy (link):

Uij = P exp

(−i
2

∫ xj

xi

ωAB
µ σABdxµ

)

.
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Spinor gravity on lattie Lattie di�eomorphism invariane

Cosmologial term:

∑

simplies

ǫi0i1..id

(d + 1)!

ǫA1A2..Ad

d!
eA1

i0i1
eA2

i0i2
...e

Ad
i0id

≃
∑

simplies

V
simplex

det(e) (1 +O(∆x)) ≃
∫

ddxdet(e),

Einstein-Hilbert ation:

4i
∑

simplies

ǫi0i1..id

(d + 1)!

ǫA1A2..Ad

d!
PA1A2

i0i1i2
eA3

i0i3
...e

Ad
i0id

≃
∫

ddxǫA1..Adǫµ1...µdFA1A2
µ1µ2

eA3
µ3
...e

Ad
µd

The lattie ation is independent on the oordinate realization of

the lattie.
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Spinor gravity on lattie Lattie di�eomorphism invariane

Continuum limit

In order to guarantee existene of ontinuum limit we need to searh for

long-range orrelation. Usually (in lattie QCD) one uses the lattie RG to reveal the

lattie-spaing dependane of parameters.

This is a very unusual lattie �eld theory � with many-fermion verties but no bilinear

term for the fermion propagator! Typial (only?) behavior of orrelations is fast (several

lattie ells) exponential deay.

There is no sale on di�eomorphism invariant lattie (by de�nition), and thus, no handle

to turn the on the orrelations (like β → ∞ in QCD).

The only stable way to provide long-range orrelations is look for the phase transition

and make �ne-tuning. Exatly at the phase transition surfae the orrelation lengths are

in�nite and this automatially sets the onstant Λ to be small.

Let us investigate suh possibility on the simplest (but non-trivial) model: 2D spinor gravity.
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Spinor gravity on lattie 2D spinor gravity

2D spinor gravity

In 2D the Lorentz group SO(2) ≃ U(1) and the spinor has two omponents (γ1,2 = σ1,2,
γFIVE = σ3).

EH term = FAB
µν ǫµνǫAB = Full Derivative.

Only determinant-like terms are available

eAµ = ψ†γADµψ − (Dµψ)
†γAψ, fAµ = iDµ(ψ

†γAψ)

S =

∫

d2x

(

λ1 det(f) + λ2 det(e) +
λ3

2
ǫABǫµνeAµ f

B
ν

)

⇓ ⇓ Lattie regularization ⇓ ⇓

S̃ =
∑

simplies

ǫijk

3!

ǫAB

2!
(λ1f̃

A
ij f̃

B
ik + λ2ẽ

A
ij ẽ

B
ik + λ3ẽ

A
ij f̃

B
ik),

ẽAi,j = ψ†
i γ

AUijψj − ψ†
jUjiγ

Aψi, f̃Ai,j = i(ψ†
jUjiγ

AUijψj − ψ†
i γ

Aψi)
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Spinor gravity on lattie 2D spinor gravity

Exat results

Physial volume

Average physial volume is an extensive quantity (as it should be):

〈V 〉
∣
∣
∣
∣
λ1=0

= 〈det(e)〉
∣
∣
∣
∣
λ1=0

=
1

Z

dZ

dλ2

∣
∣
∣
∣
λ1=0

=
M

2λ2

Suseptibility of physial volume:

〈∆V 〉
∣
∣
∣
∣
λ1=0

= 〈V 2〉 − 〈V 〉2
∣
∣
∣
∣
λ1=0

= − M

2λ22

For large volumes the �utuations dies out:

√
∆V 2/V ∼ 1/

√
M → 0.

Salar urvature

Average urvature and suseptibility of urvature:

〈det(e)R〉 = 2〈F12
12 〉 = 0, 〈(det(e)R)2〉 ∼ M

M is total number of simplies.

One may say that the model (in absene of soures) desribes a �at bakground metri.
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Spinor gravity on lattie Dynamial mean-�eld approah

Dynamial mean �eld approah

Z =
∫ ∏

i,j dψ
†
i dψjdUijeS =

∫

dψ†
mdψmdUmne

Smn

︸ ︷︷ ︸

cavity

∫

dUmie
Smi

︸ ︷︷ ︸

border

∫

dψ†
i dψidUije

Sij

︸ ︷︷ ︸

enviroment

∫
dUimeSim = 1 +

∑

pOp(ψ
†
m, ψm, Umn)O′

p(ψ
†
i , ψi, Uij)

Cutting out one simplex out of in�nite number hanges nothing:

eSeff,mn = eSmn

(

1 +
∑

pOp(ψ
†
m, ψm, Umn)

)

〈O′
p〉

Self-onsisteny equation:

〈Op〉 =
∫
dψ†

mdψmdUmne
Seff,mnOp(ψ

†
m, ψm, Umn)

∫
dψ†

mdψmdUmne
Seff,mn )
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Spinor gravity on lattie Dynamial mean-�eld approah

Dynamial mean �eld approah

Cavity method allows us to alulate only loal quantities.

In 2D models there are 9 operators, and 9 equations of the form 〈Oi〉 = Pol

∼10(〈O〉)
Pol

∼10(〈O〉)

The auray of the method in 2D is about 15%.

〈V 〉
∣
∣
∣
∣
λ2=0

= 0.572
M

λ1
(mean �eld) versus 0.5

M

λ1
(exat)

The auray an be inreased by taking large avities or greater dimensions. Approah is

exat in d→ ∞.
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Spinor gravity on lattie Spontaneous hiral symmetry breaking

Spontaneous hiral symmetry breaking

æ
æ

æ
æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ
æ

æ
æ

æ

æ
æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ
æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ
æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

C1

m

Λ1=0.1

Λ1=0.11

Λ1=0.12

-0.04 -0.02 0.02 0.04

-0.6

-0.4

-0.2

0.2

0.4

0.6

The model posses the hiral symmetry in

additional to DI and loal Lorentz symmetry.

ψ → eασ3

ψ, ψ† → ψ†eασ3

Looking for the spontaneous breaking of hiral

symmetry we introdue an expliit symmetry

breaking term:

Sχ−odd

=

∫

d2xi det(e)mψ†ψ,

then we onsider hiral-odd operator at

m→ 0.
In some sub-spae of the parameters

(λ1, λ2, λ3) the hiral ondensate:

C1 = i(ψ†ψ) 6= 0, at m = 0

Phase transition of 2
nd

order
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Spinor gravity on lattie Spontaneous hiral symmetry breaking

Spontaneous hiral symmetry breaking takes

plae inside a one:

λ22 < 77.23λ21 + 5.36λ23

The value of the hiral ondensate 〈C1〉 at
λ3 = 0 plane. At phase transition line the

ondensate vanishes.

We have also heked for other possible symmetries breaking (e.g. fermion number violation)

but did not anything in addition.
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Spinor gravity on lattie Spontaneous hiral symmetry breaking

E�etive Goldstone ation

Under the hiral rotations the ondensate operators transforms as:

C±
1 = i

(

ψ†ψ
)

± i
(

ψ†σ3ψ
)

−−−−−→ e±iαC±
1

Let the phase of ondensate slowly vary from ell to ell:

〈C±
1 〉 = ρ1e

±iα(ell)

Then using the same mean-�eld method we derive the low-energy ation for the

Goldstone-boson α(x):

eSG(α) =
∏

ells

Z
ell

(α(ell))

SGB = −M lnZ(0) − M

Z

(
∂2Z

∂αi∂αj

− 1

Z
∂Z
∂αi

∂Z
∂αj

) ∣
∣
∣
∣
∣
α=0

∆αi∆αj +O(∆α4)

where M is a total number of ells and ∆αi is variation of α between ell i and urrent ell.
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Spinor gravity on lattie Spontaneous hiral symmetry breaking

E�etive Goldstone ation

∆αi = ∂µα(x
µ
i − xµ) + .., M =

∑

ell

=

∫
d2x

V (ell)

lim
∆x→0

1

V (ell)

1

Z10

∂2Z1

∂αi∂αj

∆xµi ∆x
ν
j = −

√
GGµν

where Gµν(x) depends on λ1,2,3, and an be alulated from self-onsisteny equation.

SGB =
1

2

∫

dx2
√
GGµν(x)∂µα∂να+ ...

For a onrete map to the Cartazian oordinates we

found:

√
GGµν(x)

∣
∣
∣
∣
∣
regular lattie

= T (λ1, λ2, λ3)δ
µν
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Spinor gravity on lattie Spontaneous hiral symmetry breaking

"Gell-Mann-Oakes-Renner" relation

Expliit break of the hiral symmetry (e.g. by parameter m) leads to mass of Goldstone

boson:

SGB =
1

2

∫

dx2
√
G(x)

(
Gµν(x)∂µα∂να+ µ2α2

)
+ ..,

µ2 ∼ mt(λ1,2,3)

At the phase transition surfae µ goes to zero at non-zero m.

Mermin-Wagner theorem

A ontinuous symmetry annot be spontaneously broken in 2d as the resulting Goldstone

bosons would have an unaeptably large, atually divergent free energy. If, however, the

Goldstone �eld α(x) is Abelian as here, the atual phase is, most likely, that of

Berezinsky�Kosterlitz�Thouless where the hiral ondensate ρ eiα indeed vanishes owing to

the violent �utuations of α(x) de�ned on a irle (0, 2π), but the orrelation funtions of the

type 〈eiα(x) e−iα(y)〉 have a power-like behavior, and there is a phase transition depending

on the original ouplings of the theory.
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Conlusion

Conlusion

The lattie version of spinor gravity is onstruted.

The resulting theory is similar to the spin-foam models and to the strongly orrelated

fermion systems.

The lattie mean-�eld approah is presented and applied to 2D spinor gravity.

The presene of phase-transitions are shown, in partiular hiral-phase transition.
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